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r0 = 8.75 ± 0.40
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χ2 ≤ 1 #
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cs ∝ R−q/2, Ω ∝ R−3/2
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ABSTRACT
Aims. Planet formation has been known for many years to be tied to the spatial distribution of gas and dust in disks
around young stars. To constrain planet formation models, imaging observations of protoplanetary disks are required.
Methods. Given this, we have undertaken a mid-infrared imaging survey of Herbig Ae stars, which are pre-main sequence
stars of intermediate mass still surrounded by a large amount of circumstellar material. The observations were made
at a wavelength of 20.5 µm with the CAMIRAS camera mounted at the Cassegrain focus of the Canada France Hawaii
Telescope.
Results. We report the observations of three stars, HD 135344, CQ Tau, and HD 163296. The circumstellar material
around the three objects is spatially resolved. The extensions feature a disk-like shape. The images provide direct
information on two key parameters of the disk: its inclination and its outer radius. The outer radius is found to be quite
different from the one deduced from disk models, which is only constrained by fitting the Spectral Energy Distribution
of the object. Other parameters of the disk, such as flaring and dust mass have been deduced from fitting both the
observed extension and the spectral energy distribution with sophisticated disk models.
Conclusions. Our results show how important imaging data are to tighten constraints on the disk model parameters.
Key words. Circumstellar matter – Stars : formation – Stars : pre-main-sequence – individual objects : HD 163296,
CQ Tau, HD 135344
1. Introduction
The formation of circumstellar disks is a natural outcome
of the star formation process by which a molecular core col-
lapses to form a star (Shu et al. 1987). Circumstellar disks
can outlive the period during which stars form and still be
present when the star is in its Pre-Main-Sequence (PMS)
phase. In these disks, composed of gas and dust, various
physical processes can lead to the growth of dust grains
and eventually to the formation of planets. Understanding
the physical conditions that prevail in these objects is of
crucial importance when studying planet formation.
The study of circumstellar disks is a rapidly developing
field, both from the observational and the modeling points
of view (e.g., Natta 2004 and references there-in). The
Infrared Space Observatory (ISO) has given clues about
the dust composition of a sample of isolated HAeBe sys-
tems (Bouwman et al. 2001; Meeus et al. 2001). While these
spectra reveal the composition of the dust, no direct infor-
mation concerning the spatial distribution of the different
dust species can be inferred from the ISO data. Most studies
so far have used the Spectral Energy Distributions (SEDs)
Send offprint requests to: C. Doucet,
e-mail: doucetc@cea.fr
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to put constraints on the spatial distribution of the circum-
stellar material.
Models of protoplanetary disks are increasingly success-
ful at accounting for much of the observed properties. For
instance, they can justify that disks’ SEDs are generally
rather flat in νFν , where ν is the frequency and Fν the
flux (Kenyon & Hartmann 1987). Furthermore, models can
explain that dust features are almost all seen in emission
((Calvet et al. 1991), (Chiang & Goldreich 1997), hereafter
CG97), reveal the presence of a near-infrared excess in the
SEDs of Herbig Ae stars (Natta et al. 2001; Dullemond et
al. 2001, hereafter DDN01), and interpret the differences
observed in the far-IR excesses (Dullemond et al. 2002;
Dullemond & Dominik 2004). Fitting the SED only allows
us to make conjectures about the disks’ geometrical ap-
parearance; spatially resolved imaging data of those disks
are absolutely necessary to verify theories and models’ as-
sumptions. For instance, key parameters, such as the disk
surface density profile with radius, are still very poorly con-
strained when fitting SEDs.
Mid-infrared imaging observations from a large ground-
based telescope are potentially well suited to bringing spa-
tial information on disks around Herbig Ae (HAe) stars.
HAe stars represent the middle stage of PMS evolution
of intermediate-mass stars (∼ 2-3 M); they are bright
enough to heat sub-micron dust grains at 100 AU to a tem-
perature of about 150 K. Grains at such a temperature have
their peak of thermal emission in the mid-InfraRed (mid-
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IR). The diffraction limited angular resolution achievable
with a 3.6 meter class telescope in the mid-IR, 0.6/1.2 arc-
sec at 10/20 µm, corresponds to a distance of 60/120 AU
for a star located at a typical distance of 100 pc, and thus
allows for a relatively good sampling of disks whose sizes
range up to several hundreds of AU. The first attempts
to resolve the spatial structure of the circumstellar mate-
rial around HAe stars were performed with multi-aperture
observations with a single bolometer; emissions extending
up to large distances from the star (more than 5 arcsec)
were found around 3 objects HD 97048, HD 97300, and
HD 176386 (Prusti et al. 1994). Such extended emissions
were attributed to the emission from large molecules and
small grains transiently heated by starlight and distributed
in a dust shell with a large inner radius, probably a rem-
nant from the cloud from which the star was born. It is
only with the advent of mid-IR cameras that the full po-
tential of mid-IR observations to study disk structures was
achieved. Single dish observations have revealed the disk
structure in the 500 AU (Astronomical Units) range around
two HAe stars: AB Aur (Marsh et al. 1995; Pantin et al.
2005) and HD 100546 (Grady et al. 2001; Liu et al. 2003).
Interferometric observations have allowed for the probing
of the innermost regions of the disk (1-10 AU), and numer-
ous objects have been observed (Millan-Gabet et al. 2001;
Tuthill et al. 2002; Wilkin & Akeson 2003; Leinert et al.
2004; Liu et al. 2005). Mid-IR single dish observations have
now clearly demonstrated in a few examples that they can
provide unique information on the disk structure, although
the constraints brought on the disk modeling by such spa-
tial information have not yet been fully exploited.
In this paper, we are interested in both increasing the
number of HAe for which information on the mid-IR spa-
tial extension is available, and in using this information, in
combination with the already existing SED measurements
between 1 and 100 µm, to constrain the parameters of the
disk models developed these last years. The paper is orga-
nized as follows: the observations and data reduction are de-
scribed in Sect. 2. Section 3 deals with the results, in terms
of spatial extensions. In Sect. 4, a first, simple approach is
used to establish the disk inclination, and in Sect. 5, we
describe the 2-D radiative transfer code used to reproduce
the observations. A discussion of the results follows in Sect.
6. Conclusions are drawn in Sect. 7.
2. Observations and data reduction
We have observed a sample of three Herbig Ae stars:
HD 135344, CQ Tau, and HD 163296. Table 1 presents the
main stellar parameters of the sample. The objects were se-
lected from the catalogue of The´ et al. (1994) and Malfait
et al. (1998) according to the following criteria: the objects
are bright in the mid-IR, relatively close, and isolated, i.e.,
not associated with extended diffuse emission due to the
parental cloud.
CQ Tau is located at a distance of 100+25
−17 pc and has
an age of 10 Myr (Natta et al. 2001; van den Ancker et al.
1998). HD 163296 is at a distance of 122+13
−16 pc and has an
age of 7 ± 5 Myr (van Boekel et al. 2005). The distance
and age of HD 135344 are more controversial. Until 2001,
a distance of 84 pc (Meeus et al. 2001) with an age of 17
± 3 Myr (Thi et al. 2001) were used for this object. But,
in a recent paper (van Boekel et al. 2005), the distance was
re-evaluated to 140±42 pc and the age to 8 ± 4 Myr; these
latter values will be used in the following.
The observations were performed with the mid-IR
camera CAMIRAS (Lagage et al. 1992) installed as a
visiting instrument at the Cassegrain focus of the Canada
France Hawaii Telescope (CFHT). The camera is equipped
with a Boeing 128x128 pixels Blocked Impurity Band
(BIB) detector sensitive up to a wavelength, λ, of ∼ 27
µm. A filter centered at 20.5 µm with a Full Width Half
Maximum (FWHM) bandpass, ∆λ, of 1.11 µm was used.
The Pixel Field of View (PFoV) on the sky was 0.29 arcsec;
such a PFoV provides a good sampling of the diffraction
pattern, which is of 1.5 arcsec FWHM.
The objects were observed between March 18, 2000 and
March 24, 2000. During the run, seeing and weather
conditions were extremely favorable and stable in time.
HD 163296 and CQ Tau were observed at a median airmass
of 1.4, and HD 135344 at an airmass around 1.9, which is
the best achievable when observing from CFHT. Standard
chopping and nodding techniques were applied to suppress
atmosphere and telescope background emissions; the chop-
ping throw was 16 arcsec to the North and the frequency
used was 3.33 Hz; the nodding amplitude was 20 arcsec
to the West. The nodding direction was perpendicular to
the chopping direction, to get the best spatial resolution;
given the low chopping and nodding throw and the field of
view of the camera, the source always remained within the
detector field of view and the obtained images thus contain
4 beams (2 positive, 2 negative). Given the huge photon
background in the mid-IR, the elementary integration
time was set to 15 ms, and the images were co-added in
real time to store only two co-added images (one for each
chopping position) every second.
The basic data reduction is standard. The data cubes
of one observation are carefully stacked with the rejection
of corrupted planes. A shift-and-add procedure is applied
to each cube of images using a correlation based method
with a re-sampling factor of 8:1. The four beams are then
combined in one image by a source extraction algorithm fol-
lowed by a shift-and-add procedure. Finally, flux calibration
is achieved via aperture photometry of a set of photomet-
ric standard stars such as αTau, αBoo, βGem, or γDra
(Cohen et al. 1999). The photometry gives a total flux of
6.3±0.6 Jy for HD 135344, 23±3 Jy for CQ Tau, and 18±4
Jy for HD 163296, in good agreement with the IRAS values
(Tab. 1).
3. Extended emission
The three objects of the sample are spatially resolved. This
can be seen in Fig. 1 where we have compared the average
annular profile of the object with those of the Point Spread
Function (PSF), obtained from the observation of a refer-
ence point-like star. Extended emission is detected up to
100-300 AU.
We carefully checked that the observed extensions are
not artifacts, but the result of true extended emission from
the objects. Several arguments lead us to reject explana-
tions of the extensions in terms of temporal variations of
the PSF between the observation of the object and the ob-
servation of the reference star. One possible cause of such
temporal PSF variations could be variations of the seeing.
This hypothesis is however rejected for the following rea-
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Table 1. Properties of the three Herbig Ae stars observed with the CAMIRAS mid-InfraRed camera. First two columns: coordinates
of the objects (right ascension and declination); third column: their spectral type; fourth column: their distance, as deduced from
Hipparcos data; fifth column: flux in the IRAS 25 µm band; sixth column: flux at 20 µm obtained in this paper; seventh column:
age of the objects in Myrs. References: (1) Coulson et al. (1998), (2) Dominik et al. (2003), (3) Jayawardhana et al. (2001), (4)
Meeus et al. (2001), (5) Mannings & Sargent (1997), (6) Mannings & Sargent (2000), (7) Natta et al. (2001), (8) Sylvester et al.
(1996), (9) Testi et al. (2001), (10) Thi et al. (2001), (11) van Boekel et al. (2005), (12) van den Ancker et al. (1998).
Object RA (2000) Dec (2000) Spectral type Distance (pc) F25 (Jy) F20 (Jy) age (Myrs) References
HD 135344 15 15 48.4 - 37 09 16 F4V 140+42−42 6.7 5 ± 1 8±4 1,2,4,8,10,11
HD 163296 17 56 21.4 - 21 57 20 A3Ve 122+13−16 21 18 ± 4 7±5 3,4,5,11,12
CQ Tau 05 35 58.4 +24 44 54 A1-F5IVe 100+25−17 20.6 23 ± 3 10 6,7,9,12
0.6 1.20
arcsec
3.02.41.8 0.60 1.2 1.8 2.4
arcsec
3.0
0 0.6 1.2 1.8 2.4 3.0 3.6
arcsec
0 0.6 1.2 1.8 2.4 3.0
arcsec
Fig. 1. Annular averages intensity aperture for the source (solid line) and PSF (dashed line) normalized to the peak value, as a
function of radius. The errors drawn are 1 σ-errors RMS. The reference star for HD 135344 is α Boo, for HD 163296 γ Dra, and
for CQ Tau, β Gem. The plot labeled ’2 PSF’ shows two reference stars, α Boo and γ Dra, as observed on the March 24, 2000.
Although the two reference stars have very different fluxes (γDra with 43 Jy and α Boo with 170 Jy (Van Malderen et al. 2004)),
the two profiles are similar.
sons. First, concerning the limitations of the spatial res-
olution, the seeing contribution at 20.5 µm is negligible
with respect to the diffraction: for a typical seeing value of
0.8” FWHM in the visible range, one can estimate a see-
ing contribution at 20.5 µm around 0.4”, when using the
λ(−1/5) scaling law; thus, seeing induces PSF changes of
the order of 1 pixel FWHM, which is much smaller than
the widths of observed extensions. Secondly, the seeing was
quite stable during the observations; thus we estimated see-
ing variation effects to be much lower than one pixel. Note
also that two of the objects were observed during different
nights. HD 135344 was observed for four different nights:
on March 18, 2000 (exposure time 6 mn), on March 19 (ex-
posure time: 3 mn), on March 21 (exposure time: 6 mn),
and on March 24, (exposure time: 2 mn 30). Its extension is
confirmed over the 4 nights. CQ Tau was observed during
2 different nights on March 20, and on March 21 (respec-
tively, with 3 and 6 mn of integration time) and is spatially
extended in both datasets. HD 163296 was observed only
once (exposure time: 3 mn) on March 24.
Another possible source of fake extensions could be
chromatic effects. Indeed, HAe stars have large infrared
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excesses, and thus have SEDs quite different from that of
the PSF reference stars. Any filter leak, either on the blue
or on the red side of the nominal filter bandpass, would
then potentially lead to PSF variations between point-like
HAe objects and PSF reference stars. We double-checked
the filter transmission at the operating temperature of
the filter (10K) using a Fourier Transform Spectrometer
with a spectral resolution of 4 cm−1. The rejection rate
outside the filter bandpass is typically better than 10−3.
We simulated the PSF variations due to such a filter
using the mid-IR spectra of the objects obtained with
ISO (Meeus et al. 2001) for two of the three extended
objects; (CQ Tau was not observed by ISO SWS). The
simulated PSF variations lead to some extended emission,
but much fainter than observed, both in intensity and in
spatial extension. Thus, an explanation of the observed
extensions in terms of chromatic variations of the PSF can
be discarded.
Note also that not all the HAe stars observed are ex-
tended. To make a comparison, a far away HAe star, with a
similar (even greater) IR excess, HD 179218 located at 240
pc (Meeus et al. 2001), was observed. This object does not
show extended emission at 20.5 µm (Fig. 2). This is an ad-
ditional argument to conclude that the extension observed
in HD 135344, CQ Tau, and HD 163296 is really due to an
extended emission from the objects.
0.6 1.2 1.8 2.4 3.00
arcsec
Fig. 2. Same as Fig. 1, to make a comparison with HD 179218
for which there is no extended emission detected.
4. Inclination of the disk
Extensions around two out of the three objects, namely
CQ Tau and HD 163296, were already observed at other
wavelengths. Testi et al. (2001) have resolved the emission
around CQ Tau at 7 mm and concluded that it was
compatible with a disk-like geometry. Grady et al. (2001)
have obtained coronographic images of HD 163296 with
the Space Telescope Imaging Spectrograph on board the
Hubble Space Telescope, which revealed a circumstellar
disk with a radius of 450 AU. Therefore, our modeling of
the extensions seen in the mid-IR range assumes a priori
a disk-like geometry.
Disks inclinations can be relatively easily determined if
their emissions are spatially resolved. However, HAe disks
Table 2. Parameters of the elliptical fit of the image. In the first
column, the inclination of the disk (0 degree means a faced-on
disk). The position angle (PA) of the disk on the sky is measured
counter-clockwise from the North. The distance corresponds to
the maximum distance at which the disk is detected in the 20 µm
observations. The brightness level in the last column corresponds
to the brightness of the maximum distance at which the disk is
detected here.
i PA Distance Brightness level
(deg) (deg) (AU) (mJy/”2)
HD 135344 46 ± 5 100 ± 10 210 170
HD 163296 60 ± 5 105 ± 10 215 135
CQ Tau 33 ± 5 120 ± 10 290 129
are generally dominated in the mid-IR by the innermost
regions (1-30 AU). Our goal was to detect the emission
from the intermediate regions of the disks (30-200 AU).
The disk emission can be decomposed, in our image, into a
central unresolved component plus an extended one (whose
geometry should reflect the true disk geometry at the
distance scales achievable for our data). We first removed
the ”point-like” central emission component by subtracting
a scaled PSF from the image of the object. The parameters
of the point-like component (intensity, position) were
computed automatically using a penalty functional (to
avoid any visual bias) and then cross-checked visually
using a dedicated graphical interface built in IDL. The
resulting image, called residuals, is free from the central
emission, so that the extended emission is enhanced and
it is easier to determine the disk geometry. For each
target, this processing was done using all available PSF
measurements. The errors on the putative extensions were
assessed when applying the same procedure to two PSF
reference stars and, when possible, when comparing the
extensions obtained from different nights. The results are
shown in Figs. 6, 7, and 8.
The first result is the elliptical shape of the extensions,
which is characteristic of the emission of disks inclined with
respect to the line of sight. An ellipse fit of the residuals
gives an estimate of the disks’ inclinations and position an-
gles. The results in terms of inclination and position angles
are shown in Table. 2.
The inclination of 33◦± 5 found here for CQ Tau is in
the middle range of values found in the literature, which
range from 63◦ (Testi et al. 2001) to 14◦ (Dent et al. 2005);
in between we can find 48◦ +4
◦
−3◦ (PA = 105
◦ ± 5) (Eisner
et al. 2004).
For HD 163296, the disk inclination of 60◦± 5◦ is in good
agreement with that found by Mannings & Sargent (1997)
of 58◦. Concerning the position angle of the disk, Mannings
& Sargent (1997) found 126◦± 3 with CO observations,
and Grady et al. (2000) found 140◦± 5 thanks to optical
coronographic images. We found a value of 105◦± 10 when
fitting our mid-IR data. This difference in the position angle
could be related to the fact that our data are only sensitive
to warm dust whose geometry could slightly differ from that
seen at shorter or longer wavelengths, if the disk contains,
for instance, non axisymmetric structures.
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5. Modeling
We used a relatively simple parameterized model to investi-
gate the dependence of the emission in the mid-IR on each
parameter. We consider disks heated by irradiation from
the central star. The density profile of the gas is param-
eterized as a function of r (radius) and z (vertical height











and it is assumed that the dust is well mixed with the
gas. The surface density is assumed to follow a power-law
in radius: Σ(r) = Σ0(r/r0)
−p, with r0 a fiducial radius.
The scale height of the disk Hp(r) is also assumed to be a
power-law: Hp(r) = H0(r/r0)
q . The inner radius of the disk
(r=Rin) is located at the dust evaporation radius (1400 -
1500K for silicate dust). The inner boundary (rim) is di-
rectly exposed to the stellar flux and is puffed up since
it is hotter than the rest of the disk. Here, we mimic the
puffing-up of the rim predicted by DDN01 by a specified
value of Hp,in at r = Rin, which is a parameter of the
model. It should be noted that whether such an inner rim
is indeed puffed-up is still a matter of debate. Moreover,
Isella & Natta (2005) have shown that the rim is proba-
bly rounded-off due to the density-dependence of the dust
sublimation temperature. This effect is not included here.
For the dust opacities, we use those of Draine & Li
(2001). We use a MRN (Mathis et al. 1977) distribution
of grains (n(a) ∝ a−3.5) with a size between 0.01 and 0.3
µm. It is the disk surface layer that dominates the SED
in the mid-IR range. The emission of the surface is made
by small grains that trace the disk geometry. We will focus
on this component in this paper. Since the objects have no
PAH (Polycyclic Aromatic Hydrocarbon) emission (or only
a weak one in the case of HD 135344), we do not take into
account this population of grains.
Once the density profile is set, and the dust opac-
ities and stellar parameters are given, the code RADMC
(Dullemond & Dominik 2004; Pontoppidan & Dullemond
2005) solves the temperature structure of the disk with
a Monte-Carlo method using a variant of the algorithm
of Bjorkman & Wood (1997). This Monte-Carlo code also
produces the source terms for scattering, in the isotropic-
scattering approximation. With a ray-tracing tool (which is
part of the code RADICAL, see Dullemond & Turolla (2000)
for a detailed description) the SED and images can then be
produced and compared to the observations. Comparative
images are obtained by first resampling the maps to the
CAMIRAS sampling and then by convolving them with the
PSF.
6. Comparison model versus observation
For each object, the best model should simultaneously fit
the SED (Fig. 4) and the extension found at 20.5 µm
with our observations (Fig. 3). Concerning HD 135344 and
HD 163296, we used mainly the ISO spectrum to constrain
the SED; as far as CQ Tau is concerned, IRAS photome-
try and BASS points obtained by Grady et al. (2005) are
used. Figure 5 shows the structure of the disk in terms of
pressure and surface scale height.
Multiple runs of the model are performed until a sat-
isfactory fit to the observed spectrum and the extension
found at 20.5 µm is obtained. In the fitting procedure,
the stellar parameters (Teff , M?, R?, see Table 3), the
dust evaporation temperature (i.e., the position of the in-
ner rim) at 1400 K, the outer radius and the inclination of
the disk, and the dust composition and size distribution are
fixed. Other parameters, such as the pressure scale height
for the inner rim (possibly puffed-up), the outer pressure
scale height (H0), the power-law index of the pressure scale
height (i.e., q, which has been fixed in the case of flared
disk to 9/7, a value determinated by hydrostatic equilib-
rium (Chiang & Goldreich 1997)), the mass of the disk,
and the power-law index of the surface density (i.e., p)
are estimated. Fitting the SED gives one solution among
several degenerate combinations. A minimum value of the
outer radius is derived from 20 µm observations, which is
a very strong constraint on the true disk size, thus largely
removing the degeneracy of the set of model parameters.
As first guesses, we used those parameters found when
fitting the SED by Dominik et al. (2003) for HD 135344
and HD 163296, and those by Chiang et al. (2001) for
CQ Tau. Trying to fit the SED, we focused mainly on the
Near-IR and mid-IR regions. Indeed, those regions are the
regions where most of the reprocessed stellar energy (by
the disk’s surface layer) emerged, and therefore are the
most strongly affected by the model and the geometry of
the disk. Not all the parameters are sensitive to the spatial
distribution at 20.5 µm (Table 4). The CAMIRAS images
put a strong constraint on the minimum outer radius, and
we have to find a solution with all the free parameters to
reproduce the shape of the SED, the extension and the
total flux at 20.5 µm.
For HD 135344, the disk parameters deduced from fit-
ting only the SED of HD 135344 were close to those that
allow us to fit both the SED and our observations. For
CQ Tau, in addition to previous studies fitting only the
SED, we had to take into account the fact that the disk is
quite extended at 20 µm (about 300 AU) and is observed
with an inclination of 33◦± 5. The fast increase of the disk
emission in the [10-30] µm range can be modeled only with a
flared disk (with Houtp /Rout > 0.1). In the framework of our
modeling, we found that the only manner to simultaneously
obtain a quite low far-IR excess (as seen in the spectrum)
with the observed extended 20 µm emission is a low-mass
disk of only 0.005 M with a pressure scale height of 58 AU
at 450 AU. The total flux in the infrared excess compared
to the stellar flux is determinated by the fraction of the
central star energy intercepted by the disk. This covering
fraction is linked to Houtp /Rout, where the disk geometry
thickness is maximum. Here, this parameter is the same as
the previous study (energy conservation), but for a differ-
ent outer radius. That means that the disk is less flared
than deduced earlier. For CQ Tau we obtain a disk mass
10 times smaller than that already found (Testi et al. 2003;
Chiang et al. 2001), and this mass only traces the small
grains. The disk emission at mm wavelength is determined
by the mid-plane grain and disk properties, and it is not
affected by the nature of the surface dust. Consequently, in
this paper, we have not tried to select the best parameters
for the mid-plane dust to fit mm observations. Our under-
estimated flux at mm wavelength suggests that there must
be big grains in the disk mid-plane of CQ Tau to recover
the measured flux at these wavelengths (Testi et al. 2003).
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HD 163296 is classified as a group II object (interpreted
as being surrounded by a flat or self-shadowed disk); it
should in principle be much more difficult to resolve the disk
in the mid-IR range. Surprisingly, some extended mid-IR
emission at 20 µm, although less prominent than for group
I objects, is however observed. In the modeling, we used the
parameter found in Dominik et al. (2003), who modeled the
SED with a flared disk cut at 50 AU, as a first guess. Here,
we modified the large-scale pressure scale-height to mimic
a weakly flared disk. The SED is well reproduced with a
disk having little flaring (Fig. 4 and Table 3), while the
extension at 20 µm (Fig. 3) constrains the disk to have a
minimum outer radius of 200 AU with a disk mass of 0.01
M.
7. Conclusions and future work
We have shown the strength of mid-IR imaging to constrain
the disk properties. There are still a very limited number
of objects with spatially resolved extended emission, and
it is not yet possible to draw statistical conclusions about
the spatial structure of disk around HAe stars. With the
advance of mid-IR instruments on 8-meter class telescopes,
such as the VISIR (Lagage et al. 2004) instrument avail-
able on the MELIPAL Very Large Telescope (VLT) at the
European Southern Observatory (ESO), higher angular
resolution will be available and the field will further
develop; more quantitative studies will be possible and
the goal of retrieving detailed disk surface density profiles
from the observations should be achievable.
Observations should not be limited to the 20 µm atmo-
spheric window; observations in the 10 µm atmospheric
window are also very promising, especially for those HAe
stars whose spectra feature the so-called PAH bands’
features at 3.3, 6.2, 7.7, 8.6, 11.2, 12.7 µm. PAH bands
are attributed to vibrational relaxation of UV-pumped
Polycyclic Aromatic Hydrocarbon molecules containing
about 50-100 carbon atoms (Allamandola et al. 1989;
Puget & Leger 1989). Their emission, as a function of
the distance r to the star, drops with a r−2 power-law,
much slower than thermal emission from large grains in
thermal equilibrium. PAH’s emission is thus a promising
probe for studying flaring disks at large distances from
the star, with the good angular resolution now achieved
on large ground-based telescopes at 10 microns. One clear
method of improving the field over the next few years
would be to use sophisticated models to fit a combination
of interferometric and single dish observations in the near-






















Fig. 3. Annular average intensity aperture normalized to the
peak for the observations (full line), model (dashed line), and
the PSF associated (dot-dashed line). We have constructed an
image with the DD04 model that we have convolved with the
PSF of the associated night. The error in the profile comes from
the noise RMS in the image.
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Table 3. Stellar properties and fit parameters. The stellar parameters of CQ Tau are taken in Chiang et al. (2001). For HD 135344
and HD 163296, the parameters are taken from Meeus et al. (2001) and van Boekel et al. (2005). H inp /Rin characterizes the puffed
inner rim. q is the power-law index of the scale height and p that of the surface density. Houtp /Rout characterizes the flaring angle
of the disk. The last column is the flux at 20.5 µm calculated from the modeled image.
Object Distance M? Teff R? Rin H
in
p /Rin Rout H
out
p /Rout p q i F(20.5 µm)
(pc) (M) (K) (R) (AU) (AU) (degrees) (Jy)
HD 135344 84 1.3 6750 2.1 0.24 0.065 800a 0.21 0.8 9/7 60 -
(DDN03)
HD 135344 140 1.3 6750 2.1 0.24 0.065 200 0.12 0.8 9/7 45 5.7
(in this study)
HD 163296 122 2.5 10500 1.7 0.45 0.033 50 0.07 0.2 9/7 65 -
(DDN03)
HD 163296 100 2.5 10500 1.7 0.45 0.033 200 0.05 1. 1.07 60 16.6
(in this study)
CQ Tau 100 1.7 7130 1.3 0.23 0.0002 180 0.13 1.5 9/7 - -
(Chiang2001)
CQ Tau 100 1.7 7130 1.9 0.23 0.018 450 0.13 0.3 9/7 33 20
(in this study)
a Disk size compatible with new measurement due to the re-evaluation of the distance.
Table 4. Effects of the free parameters of the model on the SED and spatial distribution of the 20.5 µm emission in the CAMIRAS
image.
Parameter Influence on SED Spatial distribution at 20.5 µm
Σ0 Influence on the total flux in the mid-IR No influence
and more strongly for λ ≥ 60 µm
p No influence in the mid-IR Little influence
Hinp /Rin Modifies contrast mid-/near-IR No influence
(structure inner rim/shadow) (inner rim + shadow in the first pixel)
q Modifies the whole shape of the SED Large influence
Houtp /Rout Modifies flux in the mid- and far-IR Little influence
Rout Modifies far-IR emission Large influence
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Fig. 4. Modeled spectrum (dashed line) between 1 and 100 µm.
For HD 135344 and HD 163296, the ISO spectrum is overplotted
by a bold line. For CQ Tau, there are some photometric points
from Grady et al. (2005); we have added the one from this study
at 20.5 µm and IRAS points at 60 and 100 µm (filled circles).
Fig. 5. Modelized vertical structure versus the radius. The pres-
sure height scale (Hp/R) is the solid line and the surface height
scale (i.e., the height of the disk photosphere above the mid-
plane Hs/R) is the dashed line.
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Fig. 6. HD 163296 extended emission (central point source re-
moved). West is up, north on the left. The pixel size is 0.29 arc-
sec. The disk has a surface brightness of 0.59 Jy/”2 (S/N=27 for
σ ∼ 0.002 Jy) for the brightness part in the direction east/west
and 0.23 Jy/”2 (S/N=11) for the less bright part in the direc-
tion north/south. The noise is calculated using a sigma-clipping
technique.
Fig. 7. CQ Tau extended emission (central point source re-
moved). The same orientation as Fig 6. The pixel size is 0.29
arcsec. At 0.9” from the center, the surface brightness is 0.94
Jy/”2 (S/N=15 for σ ∼ 0.004 Jy). At 2” from the center, the
surface brightness is 0.23 Jy/”2 (S/N=5).
Fig. 8. HD 135344 extended emission (central point source re-
moved). The same orientation as Fig. 6. The pixel size is 0.29
arcsec. At 0.9” from the center, the surface brightness is 0.25
Jy/”2 (S/N=15 for σ ∼ 0.0015 Jy).
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ABSTRACT
Aims. Today, large ground-based instruments, like VISIR on the VLT, providing diffraction-limited (∼0.3 arcsec) images
in the mid-infrared where strong PAH features appear enable us to see the flaring structure of the disks around Herbig
Ae stars. Although great progress has been made in modelling the disk with radiative transfer models able to reproduce
the spectral energy distribution (SED) of Herbig Ae stars, the constraints brought by images have not been yet fully
exploited. Here, we are interested in checking if these new observational imaging constraints can be accounted by
predictions based on existing models of passive centrally irradiated hydrostatic disks made to fit the SEDs of the
Herbig Ae stars.
Methods. The images taken by VISIR in the 8.6 and 11.3 µm aromatic features reveal a large flaring disk around
HD97048 inclined to the line of sight. In order to analyse the spatial distribution of these data, we use a disk model
which includes the most up to date understanding of disk structure and physics around Herbig Ae stars with grains in
thermal equilibrium in addition to transiently-heated PAHs.
Results. We compare the observed spatial distribution of the PAH emission feature and the adjacent continuum emission
with predictions based on existing full disk models. Both SED and spatial distribution are in very good agreement with
the model predictions for common disk parameters.
Conclusions. We take the general agreement between observations and predictions as a strong support for the physical
pictures underlying our flared disk model.
Key words. Circumstellar matter – Stars : formation – Stars : pre-main-sequence – Stars: individual (HD 97048)
1. Introduction
Herbig Ae/Be stars are thought to be the intermediate
mass (∼ 2-10 M) counterparts of T Tauri stars (Waters
& Waelkens 1998). They have a strong infrared (IR) excess
coming from warm circumstellar dust. Similar to T Tauri
stars, this dust is believed, due to the interpretation of spec-
tral energy distributions (SEDs), to reside in a flared/flat
circumstellar disk (Meeus et al. 2001).
PAHs (Polycyclic Aromatic Hydrocarbons) undergo
transient heating : they do not reach thermal equilibrium
with the radiation field but absorb individual photons, ex-
periencing a rapid increase in temperature, slowly cool, thus
re-radiating the absorbed energy in the infrared (IR). This
radiation allows to see much further in the disk since these
grains can reach high temperatures far away from the star.
As a result, PAHs emission can be used to probe the exter-
nal region of disks around HAe stars (Lagage et al. 2006).
Another point of interest is that, if present, PAHs can con-
stitute an important source of opacity and are likely to play
a key role in the thermal budget and chemistry of the gas,
as they do in the interstellar medium. The thermal coupling
between PAHs and gas via the photoelectric effect will, for
Send offprint requests to: C.Doucet, e-mail: doucetc@cea.fr
? Based on observations obtained at VLT (Paranal) with
VISIR. Program number 075.C-0540(C)
example, determine the gas temperature in the upper layer
of the disk where the gas and dust temperatures are not well
coupled (Jonkheid et al. 2004; Kamp & Dullemond 2004).
Furthermore, PAHs are also good tracers of the presence of
very small particles in the surface layers of disks and their
emission can tell if and where very small particles survive
settling and coagulation processes that cause the majority
of the original grain population to grow to larger sizes in
the same objects.
We have started a program of imaging nearby HAe stars
with VISIR, the new mid-infrared instrument attached to
the third 8-m unit of ESO’s Very Large Telescopes lo-
cated at Cerro Paranal, Chile. One of the first targets was
HD 97048 which has a strong IR excess, characteristic of a
flared disk, and strong PAH features.
In a previous work, we were able for the first time to
constrain the geometry of the disk, thanks to PAH emission
(Lagage et al. 2006). Lagage et al. (2006) found there is a
large flaring disk around HD97048 extending at least up
to 370 AU, vertically optically thick at the observed wave-
length (8.6 µm) and inclined to the line of sight by 42.8+0.8
−2.5
degree. Morever, with a very simple model, we were able to
measure the flaring index which was found to be 1.26+0.05
−0.05.
In this model, the PAH-emitting region is only located at
the surface of the disk, whose surface scale height Hs varies
with rq (q is the flaring index) and whose flux intensity I
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follows r−p. It is only recently that there are some images of
the flaring structure of the disk around Herbig Ae objects
(Perrin et al. 2006; Lagage et al. 2006). It is now primordial
to confront the spatial distribution constraints with exist-
ing full disk models only based on fitting the SEDs of the
Herbig Ae stars.
In this paper, we are interested in particular to check
if these new observational spatial constraints can be ac-
counted by predictions based on existing models of passive
centrally irradiated hydrostatic disks made to fit the SEDs
of the Herbig Ae stars. We wonder if a more accurate model
of disk could explain the SED of HD 97048 and at the same
time, the spatial distribution of the circumstellar material
with little free parameters. To the best of our knowledge,
few tests like that (Doucet et al. 2006) have been done
yet for disks around pre-main sequence stars of interme-
diate mass. To do that, we used the model of Dullemond
et al. (2001); Dullemond & Dominik (2004a) which could
already account for the global shape of the SED of a quite
large number of Herbig Ae stars. The dust model takes into
account grains at thermal equilibrium and stochastically-
heated PAH. The structure of the disk is calculated with
hydrostatic equilibrium and a radiative transfer in two di-
mensions is used to calculate the emission of the different
grains population.
The paper is organized as follows. In Sect. 2, we present
the knowledge on HD 97048 and its circumstellar material.
In Sect. 3, we describe the observations and the data results.
In Sect. 4, we describe the disk model and in Sect. 5, we
compare the observed SED and spatial distribution of the
circumstellar material to the model predictions.
2. HD97048
HD97048 is a nearby HAe star of spectral type Be9.5/A0
located in the Chameleon I dark cloud, at a distance of 180
pc (van den Ancker et al. (1997), Whittet et al. (1997)). It
is surrounded by a large amount of circumstellar material
left from the star formation process, which produces a
large IR excess (LIR) over the stellar emission (LIR∼0.35-
0.40L?, Acke & van den Ancker (2004); Van Kerckhoven
et al. (2002)). HD 97048 has been classified as a HAe
star of group I with evidence of flared disk (Meeus et al.
2001), since its SED is rising in the IR (Acke & van den
Ancker 2004). Spectroscopic observations of the IR excess
have also revealed the presence of strong PAH features
at 3.3, 6.2, 7.7, 8.6, 11.3 microns and nano-diamonds
features in the 3.4-3.5 µm region (Siebenmorgen et al.
2000; Van Kerckhoven et al. 2002). No silicate emission
band at 10 µm appears in the spectra of HD 97048.
Recent mid-IR long slit spectroscopic observations with
TIMMI2 show that the aromatic emission features at long
wavelength (i.e., 8.6 and 11.3 µm) are extended and come
mostly from a region of 200-300 AU, likely a disk (van
Boekel et al. 2004). These results have been confirmed
recently by imaging data taken in the PAH band at 8.6
µm (Lagage et al. 2006). The large extended part of the
mid-IR emission seen on scales of 5 to 10 arcsec by Prusti
et al. (1994) and Siebenmorgen et al. (2000) is most likely
due to an extended envelope of transiently heated very
small grains and PAHs surrounding the star and the disk
system. Using Adaptive Optics high angular resolution
(∼0.1 arcsec) spectroscopic observations, Habart et al.
(2004, 2005) were also able to spatially resolve the emission
in the aromatic and diamond features around 3 µm and
found that the emission must be within 30 AU closely
related to the star-disk system. Finally, Weintraub et al.
(2005) have recently reported near-IR molecular hydrogen
emission for this object.
3. VISIR observations
3.1. Observations
The observations were performed using the ESO mid-
infrared instrument VISIR installed on the VLT (Paranal,
Chili), equiped with a DRS (former Boeing) 256×256 pixels
BIB detector. The object was observed on 2005, January
25th and June 17th. It was observed in the PAH bands at
8.6 and 11.3 µm and in the adjacent continuum. The data
at 8.6 µm were already used in Lagage et al. (2006). In this
paper, we focus on the data obtained at 11.3 µm. A sum-
mary of the observations is given in Table 1. These data
were taken with an imaging mode of VISIR which allows
diffraction-limited image in the N band: the BURST mode.
Under good seeing (≤ 0.5 arcsec in the visible), the
images in the mid-IR are diffraction-limited even on a 8
meter class telescope. Unfortunately, the median seeing
experienced at Paranal is rather of 0.8 arcsec, which
degrades the angular resolution. Indeed, for a seeing of
0.8 arcsec in the visible, assuming that the wavelength
dependence of the seeing follows a λ−1/5 law, the seeing
value at 10 µm is 0.4 arcsec, which is larger than the
diffraction limit of 0.3 arcsec. This represents a 5 pixels
movement on the detector with the smallest field of view
of VISIR (0.075”/pixel). In order to get the best spatial
resolution with VISIR, we experiment a new imaging mode
on bright objects, the BURST mode. The principle is to
take short enough exposure images (. 50 ms) to freeze
the turbulence; the coherence time of the atmosphere at
10 µm is around 300 ms at Paranal for a good seeing. In
order to correct for the turbulence by oﬄine processing,
the data are stored every 1000 elementary images in one
nodding position for a chopping frequency of 0.25 Hz
in the direction north/south. The nodding direction is
perpendicular to the chopping direction with an amplitude
of 8”. After classical data reduction in mid-IR, a cube
of 5001 images chopped and nodded (4 beams/image)
is obtained. Because of the turbulence, each source on
an image moves independently and as a result, we have
to extract individually the 4 sources in each image (4
quarters) of the cube and shift and add the image with the
ones corresponding to the same quarter. Finally, we shift
and add the four final images of the four quarters.
3.2. Results
In this section, we present the images of HD 97048 obtained
in the PAH emission filter, as well as in the adjacent con-
tinuum emission, and compared it with the standard star
in the same filters.
Fig. 1 shows the image of HD 97048 in the PAH fil-
ter centered at 11.3 µm and compared with the standard
star HD85503. HD 97048 is quite extended - up to 2 arcsec
1 1000 divided by 2 because of the 2 chopper positions
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Table 1. Observations of HD 97048 in the different VISIR filters in imaging BURST mode. The sensitivity were calculated for
each night in the BURST mode. The filter are free of any strong atmospheric line contribution.
Filter Central half band width Sensitivity Elementary Total time Date Seeing Airmass Standard
wavelength exposure time on source star
(µm) (µm) (mJy/10σ/1h) (ms) (s) (arcsec)
SIV 10.49 0.16 5.6 25 600 17/06/2005 0.80 1.74 HD91056
PAH2 11.26 0.59 4.5 50 800 25/01/2005 0.55 1.66 HD85503
NeII 12.27 0.18 7.7 16 320 17/06/2005 0.80 1.74 HD91056
Fig. 1. On the left, HD 97048 in the PAH2 filter (centered at 11.3
µm) with VISIR camera. On the right, PSF reference (HD85503)
with the same filter. The two object are normalized in order to
see the extension. The object is more extended than the refer-
ence with an asymmetry east/west in the emission.
- compared to the reference star. The full-width at half-
maximum (FWHM) of HD 97048 is 1.2 times that of the
standard star, close to the diffraction-limit, for almost all
filters (Tab. 2). In addition, comparing the emission in the
PAH band and in the adjacent continuum (Fig. 2), the emis-
sion in PAH is much more extended than in the continuum.
Fig. 3 shows the brightness spatial distribution along a cut
in the north/south and east/west direction in the PAH fil-
ter and in the adjacent continuum (SIV) compared to the
standard star in SIV filter. In the PAH filter, the disk is
extended in the direction north/south up to 320 AU (sur-
face brightness of 53 mJy/”2) whereas the extension in the
continuum at 10.5 µm goes to 135 AU (surface brightnesss
of 110 mJy/”2). These results are in agreement with those
already found in the previous study at 8.6 µm (Lagage et al.
2006). Furthermore, it is also interesting to point out that
the continuum is extended, when comparing the object and
the reference star in the SIV filter. Finally, by comparing
the VISIR and ISO (Infrared Space Observatory) fluxes,
we found that the PAH emission peak to the continuum is
stronger in the ISO spectrum. This is certainly due to the
surrounding nebula, as already suggested by van Boekel
et al. (2004). Based on the fluxes measured in the wave-
length bands at 8.6 and 11.3 µm, we estimate that the neb-
ula contamination is about 40%, in agreement with that
found by van Boekel et al. (2004).
4. Disk model
In order to analyse the observations, we use the disk model
described in Dullemond et al. (2001); Dominik et al. (2003);
Dullemond & Dominik (2004a), including the most up to
date understanding of disk structure and physics around
Fig. 2. HD 97048 in the PAH2 filter (image in the middle), and
in the adjacent continuum (SIV on the left, NeII on the right).
The images have the same signal-to-noise so that it is possible
to compare the extension.
Herbig Ae/Be stars. In the following, we describe the disk
structure and the radiation transfer used and give the de-
tails of the adopted dust model.
4.1. Disk structure
We consider disks heated by irradiation from the central
star, in hydrostatic equilibrium in the vertical direction,
with dust and gas well mixed (flared disks, Chiang &
Goldreich (1997)). In this model, the stellar flux imping-
ing with flaring angle α upon the disk is absorbed in the
upper layers of the disk, which will reradiate half of the
flux away from the disk and half down into its deeper lay-
ers. The inner boundary (rim) is directly exposed to the
stellar flux and is puffed up since it is hotter than the
rest of the disk. The model computes how much the in-
ner rim puffs up, and how much of the disk behind it will
be shadowed by this puffed-up rim (Dullemond et al. 2001).
Once the star is given, the disk structure (i.e pressure scale
height and flaring angle) is completely defined after speci-
fying the inner and outer radii, the surface density distri-
bution (Σ = Σ0(R/R0)
−p,with R0 a fiducial radius) and
the dust model. The models are appropriate for disks that
are optically thick to the stellar radiation. It is the case for
disks around pre-main sequence stars, up to very large radii
(e.g., 5000 AU for a disk mass Md ∼ 0.2M, p=1).
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Table 2. Comparaison of the FWHM for the object and the reference star (PSF) in the different filters. We also mentionned the
theorical value of the FWHM in order to show that the diffraction-limit is obtained with the BURST mode. In order to see the
spatial extension, we notice in the third and fourth columns the distance from the star at 10 σ above the noise in the east/west
direction.
HD97048 PSF
Filter Central Flux East West FWHM FWHM FWHM FWHM FWHM
wavelength measured (10 σ) (10 σ) (east/west) (north/south) (east/west) (north/south) (diffraction)
(µm) (Jy) (arcsec) (arcsec) (mas) (mas) (mas) (mas) (mas)
SIV 10.49 4.2 ± 0.1 0.67 0.60 322 ± 15 337 ± 15 277 ± 15 262 ± 15 262
PAH2 11.26 7.7 ± 0.1 1.60 0.90 337 ± 15 360 ± 15 300 ± 15 285 ± 15 285
NeII 12.27 6.7 ± 0.2 0.67 0.60 390 ± 15 412 ± 15 300 ± 15 307 ± 15 307
Fig. 3. Normalized intensity profiles along a cut through the
VISIR images of HD 97048 in the PAH band (full line) and in
the continuum SIV (dashed line) superimposed on a reference
star (dashed-dot line) in SIV band. Direction East/West is in
the upper panel and above, it represents the direction South-
North. Comparing the PAH band and the adjacent continuum
(for a same signal-to-noise), HD 97048 is much more extended
in the PAH band. Comparing the PSF and the object in SIV,
we see that HD 97048 is also extended in the continuum.
4.2. Radiative transfer
We use the 3-dimensional Monte Carlo radiative transfer
code RADMC (Dullemond & Dominik 2004a), for which a
module to treat the emission from quantum-heated PAH
molecules has been included. This module will be described
in detail in Dullemond et al. (in prep.), but a rough descrip-
tion has been given by Pontoppidan et al. (2006) and for
a recent publication using it, see Geers et al. 2006. The
code RADMC (Dullemond & Dominik 2004a; Pontoppidan &
Dullemond 2005) solves the temperature structure of the
disk in a Monte-Carlo way using a variant of the algorithm
of Bjorkman & Wood (1997). This Monte-Carlo code also
produces the source terms for scattering, in the isotropic-
scattering approximation.
4.3. Dust model and PAH properties
The dust is a mixture of grains in thermal equilibrium and
transiently heated PAHs.
– Thermal grains: The grains are composed of graphite
and silicate with optical constants from Draine (1985).
They have a MRN (Mathis et al. 1977) size distribution
(n(a) ∝ a−3.5) with a size between 0.01 µm and 0.3 µm.
Since no silicate emission features have been detected in
HD97048 (see Sect. 2), we have considered the hypoth-
esis of thermal decoupling carbon and silicate grains
(see Sect. 5). The thermal coupling should be taken into
account for evolved disks where coagulation should be
important (Dominik et al. 2003). But since HD97048
is a relatively young object (Lagage et al. 2006), this
hypothesis is not considered valid in the present case.
– Transiently heated grains (PAH): We can explain
the observed PAH spectra, at least of the isolated HAe
stars, with PAH abundances and qualitative properties
similar to those of PAHs in the ISM (Habart et al.
2004a). In the ISM, PAHs are made up of a few tens
up to a few hundreds of carbon atoms; for reasons of
simplicity, we take only one PAH size in our model,
NC = 100. The hydrogen to carbon ratio is H/C =
fH × (6/NC)
0.5 (case of compact symmetric PAHs, see
Omont (1986)) with fH - the hydrogenation fraction
of the molecule. Here, we consider fH equal to 1 (i.e.,
essentially fully hydrogenated PAHs) or 0.5 (partially
hydrogenated PAHs). We take the absorption cross sec-
tion from Li & Draine (2001) based on both laboratory
data and astrophysical spectra. Those authors consider
the bands at 3.3, 8.6, 11.3, 11.9 and 12.7 µm from vi-
brational modes of the aromatic C-H bond; the strong
bands at 6.2 and 7.7 µm due to vibrations of the aro-
matic C-C bonds; and a few weak features probably
caused by C-C bending modes at 16.4, 18.3, 21.2 and
23.1 µm. With respect to the charge, in order to keep
the model simple, we ignore that we have probably in
disks a mixture of neutral and charged PAHs and we
assume that PAHs are mostly neutral. Simple determi-
nation of the ratio between the photoionisation rate of
the grain to the electron-grain recombination rate sug-
gests that this is probably the case in the outer regions
(R ≥ 150 AU) of a disk heated by a typical HAe star
(see Habart et al. (2004b) for more details). Finally, we
do not take into account photo-destruction of PAHs in
a strong FUV radiation field.
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In summary, we adopt a dust model with large ther-
mal grains of graphite and silicate and small transiently
heated aromatic particles. The silicate abundance in dust
is [Si/H ] = 3.10−5, and the total carbon abundance in dust
is [C/H ] = 2.2 10−4. Of this 10% are in PAH and 90% in
large grains.
5. Comparison between model and observations
In this section, we compare the model’s predictions to the
observations. In the following, we first describe the adopted
stellar and disk parameters for HD 97048 and thus discuss
the results of the calculation and the confrontation to the
observations.
5.1. Stellar and disk parameters
A Kurucz model spectrum is taken for the central star
with Teff = 10000 K. The stellar parameters (L? = 32L,
M? = 2.5M) were chosen from stellar evolutionary tracks
by Siess et al. (2000) for an age of 3 Myr (Lagage et al.
2006). Once the stellar flux has been redenned, the resulting
SED is in agreement with the photometry extracted from
Hillenbrand et al. (1992) in the UV and near-IR. To correct
for extinction, we used the method of Cardelli et al. (1989)
where we adopt AV =1.24 (van den Ancker et al. 1998) and
E(B-V)=0.36 (Davies et al. 1991; The et al. 1986).
Concerning the disk’s parameters, the surface den-
sity is taken equal to Σ = Σ0 (r/Rin)
−q with q the
power law index equal to 3/2 inferred for the solar neb-
ula (Weidenschilling 1977) and Σ0 = 444 g.cm
−2 a mini-
mum value deduced from VISIR observations (Lagage et al.
2006). The inner radius Rin is at the dust (silicate) evapo-
ration radius at 0.4 AU from the central star and the outer
radius is at 370 AU as deduced from observations (Lagage
et al. 2006). Finally, as the disk is vertically optically thick
at the wavelength of observation, a minimum mass of 0.01
M (gaz + dust) can be derived (Lagage et al. 2006). We
take this minimum disk mass as a first guess.
5.2. Disk’s structure
Fig. 4. Structure of the disk for the template model. The surface
(dashed line) and pressure (full line) scale height of the flared
disk versus the distance from the central star.
Figure 4 shows the run with radius of the pressure (Hp)
and photospheric (Hs) scale height. The disk is flaring with
Hs increasing with radius as R
9/7 (Chiang & Goldreich
1997). At a radius of 135 AU, Hs= 51 AU.
In a previous work, we used the VISIR PAH band im-
age to constrain the parameters of the disk structure around
HD 97048 (Lagage et al. 2006). Using a very simple model,




−3.3 AU at 135 AU. Both values are very close
to those expected from our hydrostatic, radiative equilib-
rium models of passive flared disks (Chiang & Goldreich
1997; Dullemond et al. 2001).
Concerning the structure of the inner region, VISIR has
clearly not enough spatial resolution to constrain it. The
puffed inner rim and the shadow region lie within the cen-
tral pixel of VISIR (1 pixel is equivalent to 13.5 AU for a
distance of 180 pc) and the two effects2 compensate each
other in terms of resulting mid-IR emission. Finally, we
would like to underline that as soon as the disk is vertically
optically thick in the mid-IR, the change of the slope of the
surface density in the model does not have any influence on
the structure of the disk or its mid-IR emission and cannot
be constrained here.
Fig. 5. SED calculated with the template model (dashed line).
The disk is inclined by 43 ◦ and the system is situated at a
distance of 180 pc. A Kurucz model spectrum is taken for the
central star with Teff = 10000 K. The luminosity is L? = 32L
and the mass M? = 2.5M. The disk is flared with a total
mass of 0.01 M, Rin=0.41 AU and Rout=370 AU. Full red line
shows ISO SWS spectrum of HD 97048. Points of photometry
are taken from Hillenbrand et al. (1992) (open diamond black),
IRAS (open diamond blue), Prusti et al. (1994) (blue crosses)
and VISIR measurement (black triangle)
5.3. Spectral energy distribution
Figure 5 shows the calculated spectrum in the 0.1-1300 µm
range for a star/disk system inclined by 43 degree and situ-
ated at 180 pc. At short wavelength between 0.1 to ∼1µm,
the emission is made by the stellar photosphere. The near-
IR emission (around 3 µm) is induced by the puffed inner
rim. The region which emits between 5 and 8 µm corre-
2 Increasing the height of the inner rim augments the shadow
region.
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Fig. 6. The non PSF-convolved predicted image for our tem-
plate model in the adjacent continuum (at 10.5 µm on the left)
and in the PAH band at 11.3 µm (on the right).
sponds to the shadow region. In this part, the disk is not in
sight of the star itself, but it receives flux from the inner rim,
which is sufficiently strong to keep the disk up. At larger
radii, the flaring disk reappears from the shadow, and pro-
duces the rise observed in the spectrum around 20-30 µm.
Concerning the dust spectroscopic features, the PAH emis-
sion features are clearly visible, and some of them at 3.3,
6.2, 7.7 and 11.3 µm are very strong. Strong ratio between
30 and 10 µm and PAH features show that the disk inter-
cepts a large fraction of energy in the outer part and are
indeed evidence of a flared disk geometry. For geometrically
flat disks, PAH features are predicted to be very weak, even
when PAH with standard properties are present on the disk
surface (Habart et al., 2004). The infrared emission under
the narrow PAH features is mostly due to the large thermal
grains which are very hot in the inner regions. For the model
in which carbon and silicate grains are thermally coupled, it
is possible to see, for example, the strong broad feature due
to silicate emission peaking at about 10 µm. On the other
hand, for the model in which the grains are decoupled, one
can see (Fig.5) that this feature almost disappears.
In Figure 5, we also compare the predicted SED to
one of HD 97048 constructed with different sets of data.
Photometric points from the visible to the mid-IR were
taken from Hillenbrand et al. (1992) and Prusti et al.
(1994). To that we have added IRAS and VISIR photo-
metric measurements. Spectroscopic observations were ob-
tained with ISO-SWS (Short Wavelength Spectrometer)
(Acke & van den Ancker 2004). The model reproduces
roughly well the global shape of the observed SED of
HD97048. The agreement between predicted slopes and ab-
solute fluxes from the near- to mid-IR waves with observed
ones is rather acceptable (differences ≤20-40%). Moreover,
our model reproduces also well the observed intensity of
the most commonly observed PAH features, i.e., 3.3, 6.2,
7.7 and 11.3 µm, especially if we correct for contamina-
tion by the associated reflection nebula (about 40%, see
Section 3). This is in agreement with previous comparisons
made by Habart et al. (2004) between flared disk model
results and observed PAH emission features with ISO and
ground-based telescopes of some thirty HAeBe stars, in-
cluding HD 97048.
Nevertheless, one can note that there is some mis-
match between the predicted and observed PAH spectra;
the strength of the 8.6 µm feature is, for example, signifi-
cantly underestimated by the model. However, this is not
surprising considering the uncertainties on the PAH ab-
sorption cross section (Li & Draine 2001) and our simple
hypothesis that PAH are characterized by a single charge
state, size or hydrogenation parameter along the disk. This
is unlikely to be the case and is briefly discussed in this
section. Also, one can note that HD 97048 presents pecu-
liar strong features that peaks at 3.43 and 3.53 µm not
predicted by our model. Several studies have proposed at-
tributing these features to surface C-H stretching modes
on nanodiamond particles (e.g., Guillois et al. 1999; Van
Kerckhoven et al. 2002; Sheu et al. 2002; Jones et al. 2004).
Because of the good match between laboratory and ob-
served spectra, this identification is very convincing.
In addition, the absence of the small grains of silicate
features in the HD 97048 spectra could appear intriguing
since they are the most abundant dust species in inter-
stellar space. However, in ISO spectra, Acke & van den
Ancker (2004) reported non detection of silicate feature for
16 objects out of 46 showing that the absence of the sili-
cate feature is a common phenomenon among HAeBe stars.
The silicate emission at 10 µm is arising from grains with
a size of 0.1 µm thermally heated in the inner region (1 <
r < 10 AU) from direct and/or indirect irradiation by the
central star. The absence of this emission could probably
result from various effects concerning either the dust prop-
erties either the disk geometry. But this issue could not be
invistigated with the resolution of VISIR observations.
Finally, concerning the longer wavelength, we find that
the submm flux is too low by a factor 70 compared to ob-
servations (Henning & Launhardt 1998). This shows that
a large reservoir of large grains (around a millimeter size)
must exist in the outer regions of the disk. These grains
would naturally reside close to the midplane and therefore
do not affect the shape of the disk. They are therefore not
within the focus of this paper, and for this reason we do
not include them in our model. If we would have included
them, they would only affect these long-wavelength fluxes,
because the disk has a flaring geometry (see e.g. Dullemond
& Dominik 2004a, Figs. 6 and 7).
5.4. Imaging
Figure 6 shows the modelled disk image in the PAH band
at 11.3 µm and the adjacent continuum. These emissions
both originate from the optically thin surface of the disk
but the PAH emission is much more extended than the
adjacent continuum. The continuum reaches 50 % of its
integrated intensity at a very small radius (about 2 AU),
while the PAH feature does so at large radii (about 100
AU). This behaviour basically reflects the different excita-
tion mechanisms of grains in thermal equilibrium and PAHs
transiently heated. Only grains very near the star are warm
enough to emit at 11 µm whereas PAHs farther away can
be excited and emit in the 11.3 µm feature. The emission
at 11.3 µm (band + continuum), in the central part of the
disk (< 2 AU) is dominated by the thermal emission from
silicate and carbon grains, whereas in the outer regions of
the disk, the emission is dominated by the PAH feature.
Morever, among the PAH features, the 11.3 µm is one of
the most extended spatially. Indeed, as discussed in Habart
et al. (2004b), the features at shorter wavelengths are in
fact stronger in the inner part of the disk (where PAHs are
hotter because multiphoton events occur where the radia-
tion field is most intense), decreasing rapidly in the outer
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Fig. 7. On the left, cut in north/south and east/west (up panel) for the template model of the PAH band at 11.3 µm convolved
with VISIR PSF (dashed line) compared to the observation (full line). On the right, the same as on the left with the adjacent
continuum at 10.5 µm.
cold part. On the other hand, the features at longer wave-
lengths are more extended.
Fig 7 shows the brightness emission profiles of the PAH
feature and the adjacent continuum obtained by convolving
the model with the corresponding PSF observed by VISIR.
The model predicts a spatial distribution of the PAH emis-
sion very similar to that observed. The predicted FWHM
and wings extension are in fact very closed to the observed
ones (differences≤20%). Moreover, our disk model predicts,
as in the observations, an asymetry east/west, which only
results from the inclination of a flared disk optically thick at
the observed wavelength. This acceptable agreement gives
a strong support for the physics underlying in our flared
disk model. The disk parameter that most affects the PAH
emission is in fact the disk flaring angle, which determines
at each radius the fraction of FUV intercepted by the disk
surface. Lower values of the flaring could be caused by a va-
riety of reasons, for example if the dust settles toward the
disk midplane (Dullemond & Dominik 2004b). If the disk
is less flared, the PAH emission which directly tracks the
illumination of the disk surface will strongly reduce in the
outer disk region. Less flared disks will have less extended
PAH emission features and weaker. This will be particu-
larly true for the features at long wavelength, such as the
11.3 µm one, which have a large contribution from the outer
disk. In the extreme case of a fully self-shadowed disks, the
PAH feature strenghts should decrease by orders of magni-
tude and the spatial distribution should be similar to one
of the adjacent continuum.
In addition, it is remarkable to note that, as predicted
by the model, the observed spatial extension of the 11.3 µm
feature is much larger than that observed for PAH feature
at the 3.3 µm, which are extended on a scale of (several) 10
AU (Habart et al. 2004a). This has the interesting implica-
tion that PAHs appears to be present over a large range of
radius; in other words, PAHs can survive over a wide range
of physical conditions. Finally, concerning the spatial ex-
tent of the 10 µm adjacent continuum emission, the model
predicts that it is slighlty broader than the PSF but still
agrees with the observations.
It must be emphasized here that there are several com-
plications which we have neglected. The most obvious is
that we have assumed that PAHs can be characterized by a
single size, hydrogenation and charge state. This is unlikely
to be the case, and one can expect variations as a function
of radius and depth in the disk. For example, PAHs are
likely to be more positively ionized in the inner disk regions.
Moreover, processes such as photo-evaporation or coagula-
tion could affect the abundance and size of PAHs. In order
to get some insight into the specific PAH properties, one
needs spatial information of several band strength ratios.
We are developing this study in a forthcoming paper.
.
6. Summary and conclusions
In a former paper (Lagage et al. 2006), we were able to
constrain for the first time the flaring geometry of a disk
around an intermediate-mass young star HD97048. These
results were based on a very simple model making several
assumptions such as a surfacic PAH emission, an optically
thick disk, and a power-law function for the surface height
and the intensity. In the present paper, using a full radiative
transfer model based on predicted disk geometries assuming
hydrostatic equilibrium (Dullemond et al. 2001; Dominik
et al. 2003; Dullemond & Dominik 2004a), we could:
– justify the hypothesis made in the previous paper
(Lagage et al. 2006), and therefore confirm the results,
e.g., the images calculated with a different code (Pinte
et al. 2006).
– show that both SED and spatial distribution of the PAH
emission and the adjacent continuum are in very good
agreement with the model predictions for common disk
parameters.
– take the general agreement between observations and
predictions as a strong support for the physical pictures
underlying our flared disk model.
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High resolution mid-Infrared imaging of
dust disks structures around Herbig Ae
stars with VISIR
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ABSTRACT. We present a new mode of observations with VISIR, the mid-InfraRed (mid-IR) imager
and spectrometer on the VLT (ESO, Chile): the so-called BURST mode. This mode allows to
reach the diffraction limit of the telescope. To illustrate results obtained with this mode, we
discuss observations of disks around Herbig Ae stars. The 10-20 µm atmospheric windows are
well-suited to study the extended emission of these objects. With a 8 m class telescope, in fair
seeing conditions, the observations are diffraction-limited at 10 µm and the spatial resolution
could reach the diffraction limit of 0.3 arcsec. As a result, it is possible to resolve disks with
a typical size of 100 AU around objects at a distance of 100 pc. We present here a significant
example, HD97048, for which a flared disk of 350 AU is resolved at 11.3 µm (PAH band).
RÉSUMÉ. Nous présentons un nouveau mode d’observation avec VISIR, l’instrument pour les
observations en InfraRouge (IR) moyen au VLT (ESO, Chili): le mode BURST. Ce mode per-
met d’atteindre la limite de résolution spatiale déterminée par la diffraction. Une illustration
d’utilisation de ce mode est donnée avec l’observation des disques autour d’étoile de type Her-
big Ae. Les fenêtres atmosphériques en IR moyen sont appropriées à l’étude des extensions
autour de ces objets. En effet, avec un télescope de 8 mètres, il est possible d’atteindre la limite
de diffraction de 0.3 seconde d’arc dans de bonnes conditions de seeing. Ainsi, on peut résoudre
des disques d’une taille typique de 100 AU pour des étoiles situées à 100 pc. HD97048 est un
remarquable exemple d’une étoile Herbig Ae avec un disque évasé imagé à 11.3 µm (PAH).
KEYWORDS: Herbig Ae stars, HD97048, BURST mode, VISIR, angular resolution




Circumstellar (CS) disks made of gas and dust are ubiquitous around young stars.
They are a natural outcome of the star formation process, because of the need of an-
gular momentum conservation during the collapse of the initial molecular core (Shu
et al., 1987). As the star evolves, the disk changes: the gas is dissipated and a va-
riety of processes (such as collisions for instance) leads to the growth of dust grains
and eventually to the formation of planets. In order to study planets formation, it is
necessary to understand the physics of the medium where they were born. Herbig Ae
(HAe) stars represent a particularly interesting laboratory for studying disks evolution
and planet formation. They are believed to be the more massive analogues of T Tauri
stars (∼ 2-10 M), and harbour disks in which planets are still in the building process
or eventually just formed. Although great progresses have been made in modelling the
disk structure with radiative transfer codes able to reproduce the Spectral Energy Dis-
tribution (SED) [(Chiang et al., 1997), (Natta et al., 2001), (Dullemond et al., 2001)],
the structure of the disks is not uniquely constrained. Spatially resolved images of the
disk are needed to better constrain the disks. The SED of about half of the HAe stars
features IR emission bands (Acke et al., 2004) which are believed to be produced by
very large organic molecules (like PAH: polycyclic aromatic hydrocarbon particles).
Such particles are transiently heated by star light UV photons: they do not reach ther-
mal equilibrium with the radiation field, but absorb individual photons, experiencing a
rapid increase in temperature, and then cool down, re-radiating the absorbed energy in
IR emission bands. Such a radiation allows to probe, in the mid-IR, the disk structure
at large distances from the star. Furthermore, observations in the mid-IR, with a 8 m
class telescope, in fair seeing conditions, can be diffraction-limited, so that the spatial
resolution can reach 0.3 arcsec. As a consequence, it is possible to resolve disks with
a typical size of 100 AU around Herbig stars located at a distance of 100 pc.
2. New imaging mode of VISIR: the BURST mode
The observations were performed using the ESO mid-infrared instrument VISIR
installed on the VLT (Paranal, Chile). The instrument is equipped with a DRS (former
Boeing) 256x256 pixels BIB detector array.
Under good seeing conditions(≤0.5 arcsec in the visible), the images in the mid-IR
are diffraction-limited even on a 8 meters class telescope. Unfortunately, the median
seeing experienced at Paranal is of the order of 0.8 arcsec, which degrades signifi-
cantly the angular resolution. Indeed, for a seeing of 0.8 arcsec in the visible, the
seeing value at 10 µm is 0.4 arcsec, when assuming that the wavelength dependence
of the seeing follows a λ−1/5 law. This is larger than the diffraction limit of 0.3 arcsec
and represents a 5 pixels movement on the detector with the smallest field of view
of VISIR (0.075"/pixel). In order to get the best spatial resolution with VISIR, we
experimented a new imaging mode on bright objects: the BURST mode. The principle
is to take short enough exposure images (. 50 ms) in order to freeze the turbulence;
the coherence time of the atmosphere at 10 µm is around 300 ms at Paranal for a good
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seeing. But as soon as the exposure time is short, speckles appear with the diffraction
spot. The number of speckles is linked to the ratio D/R0 where R0 is the Fried pa-
rameter or coherence length and D the telescope aperture. Since the Fried parameter
is the order of the diameter of the telescope in the mid-IR (Table 2), i.e much larger
than in the near-IR, the number of speckles in the mid-IR is small and one can have
one principal speckle in the image for good seeing conditions. In order to correct
for the turbulence by offline processing, we stored 1000 elementary images by nod-
ding position for a chopping frequency of 0.25 Hz in the direction north/south. The
nodding direction is perpendicular to the chopping direction with an amplitude of 8".
After classical data reduction in mid-IR, a cube of 5001 images chopped and nodded
(4 beams/image) is obtained. Because of the turbulence, each source on an image
moves independently and as a result, we have to extract individually the 4 sources in
each image (4 quarters) of the cube and shift and add the image with the ones corre-
sponding to the same quarter. Finally, we shift and add the four final images of the
four quarters (Fig. 1 and Fig. 2).
wavelength (µm) R0(m)
0.5 ∼ 0.15
8.6 (in this study) 6.23± 0.33
11.3 (in this study) 8.76± 0.42
Table 1. Comparison of the Fried parameter R0 of the atmosphere for different wave-
lengths. The Fried parameter for mid-IR has been calculated in this study with mea-
suring the angle-of-arrival fluctuation for a point source observed in the image plane
of the telescope (Brandt et al., 1987).
3. Image quality and shift and add method
As it has already been done in the near-IR (Christou, 1991), we investigate the
image quality in mid-IR by experimenting three differents methods of shift and add
in which the offsets are calculated using a centroid estimate, a maximum finding or
an autocorrelation method. For a good seeing, typically 0.75 arcsec, the method of
maximum and centroid are comparable and give poor quality results (see Table 2); the
autocorrelation method allows to recover diffraction-limited images in N band. As the
seeing degrades (Fig. 3), the autocorrelation method consistently yields improved res-
olution maintaining diffration-limited images, at the expense of rejecting more images
(40 % of the images for a seeing of 1 arcsec).





FWHMx (mas) 424 ± 20 302±20 386 ±20
FWHMy (mas) 547±20 288±20 523 ±20
ellipticity 1.29 0.95 1.36
Strehl ratio 0.329± 0.002 0.368± 0.001 0.760± 0.001
Table 2. Comparison of the FWHM in milli-arcsec (mas) with the theorical one at 11.3
µm of 283 mas. Strehl ratio for the final image obtained with the shift and add executed
by centroid estimate, maximum finding or autocorrelation method (for a visible seeing
of 0.75 arcsec).
Figure 1. VISIR images of a reference star resulting from adding 429 chopped/nodded
images with an elementary exposure time of 50 ms. The left image is a direct sum of
the images in the cube; the right image is built using the autocorrelation shift and
add procedure. The Signal over Noise ratio has been increased by more than a factor
2 by this proedure (sensitivity of 17 mJy/10σ/1h in the "raw" left image and of 7
mJy/10σ/1h in the shift-and-added image).
4. Limits of the method
This mode could only be used for objects bright enough so that the signal over
noise in an elementary frame is high enough to apply the shift and add procedure
(Flux > 5 Jy in N band and 10 Jy in Q band) with reasonable seeing conditions (less
than 1.3 arcsec in the visible). Furthermore, it produces a huge amount of data since
one hour of observations produces 7 Gb, taking into account large overhead, and if the
efficiency would be increased, then the rate could increase up to 30 Gb per hour.
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Figure 2. Comparison of the profile on the two images of Fig 1. The non shift-and-add
corrected image (dashed line) has a FWHM 1.5 times larger than the corrected image
(plain line).
Figure 3. For a visible seeing of 1.2 arcsec, comparison of the image quality when
shift and add is performed using maximum finding, centroid estimate or autocorrela-
tion method.
5. HD97048, an outstanding example
HD97048 is a Herbig Ae star located at 180 pc in the Chameleon cloud. Figure 4
shows that HD97048 is quite extended in PAH (11.3 µm) compared to the reference
star with the same filter. The most striking result is the asymmetry in the wings: the
east side is much more extended (around 1.65 arcsec) than the west side (around 1
arcsec). This asymmetry (the fact that the bright source is not in the middle of the
extension) reveals a disk optically thick and geometrically thick. PAHs allow to detect
disks in the mid-IR range further away from the star since they are stochastically




Figure 4. HD97048 (on the left) taken in BURST mode at 11.3 µm (PAH band). The
extension is quite large (up to 300 AU) as compared to the reference star (on the right)
and asymmetric in the east/west direction.
6. Conclusions and perspectives
The BURST mode has shown its capability to improve image quality when ob-
serving from the ground in the mid-IR. Thanks to the delivery of diffraction-limited
images, it allows us to spatially resolve disks around Herbig Ae stars. Many other
programs requiring the best achievable spatial resolution would benefit from such a
mode. We recommend this mode to be implemented as a VISIR standard oberving
mode and to be offered to the observers.
7. References
Acke B., van den Ancker M. E., “ ISO spectroscopy of disks around Herbig Ae/Be stars”, A&A,
vol. 426, p. 151-170, October, 2004.
Chiang E. I., Goldreich P., “ Spectral Energy Distributions of T Tauri Stars with Passive Cir-
cumstellar Disks”, ApJ, vol. 490, p. 368-+, November, 1997.
Christou J. C., “ Image quality, tip-tilt correction, and shift-and-add infrared imaging”, Public.
of the Astron. Soc. Pac., vol. 103, p. 1040-1048, September, 1991.
Dullemond C. P., Dominik C., Natta A., “ Passive Irradiated Circumstellar Disks with an Inner
Hole”, ApJ, vol. 560, p. 957-969, October, 2001.
Natta A., Prusti T., Neri R., Wooden D., Grinin V. P., Mannings V., “ A reconsideration of disk
properties in Herbig Ae stars”, A&A, vol. 371, p. 186-197, May, 2001.
Shu F. H., Lizano S., Adams F. C., “ Star formation in molecular cloud cores”, in M. Peimbert,
J. Jugaku (eds), IAU Symp. 115: Star Forming Regions, p. 417-433, 1987.
°-È-¯ Ü\ÝIÞßàáÞŁâ:ãä5åUä½â:æèç:êåUç5ÝãáÞTáXëEì¼íä1î"á
Annexe D







L  $%MÃQ#%N/((-%  ﬃÚA%M¿G	5%6Á=#%  + (- Y
~
% "0U	5%NÁA#% "0 %N´=# ﬃE©A#%Â%
 @# ﬃ¶ #% Â<<	5%ﬁF#ØR#%:Å)<#{ 	( $% ﬁF#%:Å-%:ÁA#%)Å)	  1³%ﬁÆ#%°-È-È-Ù%)¸ ﬁ@ H1 ﬀ(	5%
¤-¤ %o°-Ù3ﬃ° %T8  X\   &4+Ñ6ÓDÑEÔ=Ð TÓ)'[QËÔ%!BÑeQ  '	%!
eQ`",/.
/((-% Ł#A#% %@# #% 'ﬁﬀ	5%ﬁÆ#%ﬂﬃﬀ	( %@#%! "#	$5%!=% &%(' )*  
~
%+  ﬃ
#	$,%!+X#%!+ 	-/.10.%32X#%465 7 ﬃ8$	$95%;:=<=<@%> ﬁ1?ﬁ@79$9$.ﬀ(	5%A5=5 :%B5C:3ﬃ-5 :% \G' 'DDE-EﬁG?,
	3"]Y]YQ#EDEﬁQF"!^Q
!S_G c8  X\    HVHDF;Q`#<  ﬁ!ﬁ*<"*$<#8 V  ﬁ!EIe*%GS]?%!J
:=< KMLON-P$QR$NSUT8VCWXVYSUZ\[U]-WX[CL,T8R^N_Ra`8bdceVCfgR





 B_ﬁ ﬂﬁM ( ﬃG	- ﬁ ﬀ0 ﬂﬁ  9^	$ﬂﬁ U9^
 Bﬁ 	ﬀG9^$,#/	$

	 ﬁ , ﬀ0'ﬁ	 / 3ﬁ@
$ﬁ 	. 	-ﬁMﬀ(




? 9  ,,,9-"7 .10 0ﬁ 	ﬀ
 ﬁ 	ﬃ	9"1.7	^,. 
/ﬀ
ﬁMﬁ ﬁMU ﬁ C/.  
	$
ﬀﬂﬁ ,	-3ﬃ2Uﬀ ﬀ
ﬁ ﬃ ﬂﬁ ﬁP/U>  ?(	M/.10 "	$G$	 F	 ﬀ0!8. 	-ﬁ_70
ﬁP/U> ﬁ 	 ,/	( >!ﬀ79ﬀ7 

(_ﬁ  
(	$G( ﬁ /,.U" 1.7
:=<  KMLON-P$QR$NSUT8VCWXVYSUZ\[U]-WX[CL,T8R^N_Ra`8bdceVCfgR
:5C< KMLON-P$QR$N!SUT8VCWXVYSUZ\[U]-WX[CL,T8R^NeR `	bdc V7fgR
    
  









  0 ﬁ1 %N%!2X# @#%.2=/. + ﬀ9'ﬁ1 "³%	\# R#%4 	_	#19^5%	Q#!:=<=<=:% 4eA%%
=:=:
M,#?/.10 #%B/6#1@#% 	10(=,.195%+X#1ﬁÆ#%14 /.10 F	$0.%³#A#5   %1ﬂ1/6%5=5-%@/ 5=5
M,#?/.10 #%B/6#1@#%
>ﬃﬀﬀ.195%J2X#
2X#ﬁÆ#%14 ﬂ 	 	5%1@# ﬁF# 5  %1 1 ³% U5-% 




2X#J2X#ﬁÆ#5  @%1 1@% ::% =:=:
ﬂﬃ"  ,'ﬁ$%³# ﬁA#e#U4 	(. 5%UA# D#
5  % ,.  	$ $=9^-	$9/.10 3#/.1$9 "W%=70.#	Q# 	=#/2 
4 @# D#ﬀ/ﬁ.,.1-%=:5ﬁﬀ15
ﬂﬃ"  ,'ﬁ$%³#ﬁX#e#% 	(. 5%
A#W#%
 ﬁ,.% ﬁF# ³#%14 2 179$$.$% ﬁF# 5  =<%1 @%   %  =:
ﬂﬃ,%ﬂ¢# ﬁF# 5   %1 1@%=:% 15=5
ﬂﬃ	(=,.$%	Q#%J ﬃ/25% =#%+  _ﬀ79$9^ﬀﬀ%Â#%
4 	 	ﬀﬃC(@%J2X#@#
:=<=<%






	Q#J4   U0.%
ﬂ¢#5  :%1ﬂ ,ﬀ^,. ;'ﬁ1 G	^C/.@_9^	$ .1 C/ Uﬀ$%
: %
5C:=:
ﬂB# -%J2X#A#14 ﬂﬃ &(	^5%1A#
 P#A#1:=<=<@%1ﬂ1/6%=<%ﬀ/ 
ﬂﬃ=9$95%A#Ł#5  %
ﬂ1@%   %  =<
ﬂﬃ#/.ﬀ(	5% R#%_#(	(%!=#%ﬂB	^.
	$0 ﬃ	 Q%!o#%a/#A5  % 9^	$ .13#U -# ;"!   B .
U	^ﬀ795%5=:%5
ﬂﬃ#/.ﬀ(	5% R#%
 B .% Â#%J4  .1795%
=#Â#
:=<=<=<% ﬃU > 	-/.19-^ﬀ .195%(:5
:5=5 KMLON-P$QR$NSUT8VCWXVYSUZ\[U]-WX[CL,T8R^N_Ra`8bdceVCfgR
ﬂ 	-/.105% Â# =#%
ﬁ@$	5% 	A#A#%14 ?	^^5% ﬁF# 5 :%1e4eA%5%5
ﬂ 	$(	5%1ﬁÆ#5  @%1ﬂ1o%5%
ﬂ 	^,^-/,.$% ³#1+X#14 ﬁ_^^(@%>#e#1:=<=<=:%  /	$-% 15%
ﬂ 	^,^-/,.$% ³#1+X#%ﬁM^^(@%
>#e#%  G .$%
>#%1M/#
:=<=<%1 1@% %
 ﬃ/25% A#% 	e	^?/..$%@/6#%
4  	$3% ³#
	Q#
:=<=<=<%  	$ $=9$-	$9_/.10!3#/.1$9  ﬁX%
 ﬃ/25% A#%(ﬁ ( 	^ﬀ95%2X# P#% /^,.1ﬀ%A#%4 +  _ﬀ79$9^ﬀﬀ% Â#;5  =:% ﬁM2Uﬀ9^-?ﬁ@ C/.
 0a 9 ﬃ
	$ .1 #   9^	$!
9^C%
:@%1:




4 +  Mﬀ79$9$ﬀﬀ% Ł#5  5-%1ﬂ1o%=<%5 
 ﬃG	$ .$%
A#
2X# #5 % ﬁM79-C	ﬀ)ﬁ  . 'ﬁ1 C	^  ﬁﬀ9^$	  'ﬁ1 9- #	M9 9^$3%>" ﬁ$#	$ $#
 ﬃ	$0,,%
o#=#%J "#ﬃ $ .$%(2X#
 P#%








 P#	A#4  	-%ﬁ#:=<=<@%,.    B .½# U	5#=: +e#	^ﬀ9+ ﬀ99ﬃ/.10 'ﬁ1
	?/^ﬀ .
3#/.1$95%
70.#ﬀ/'#J ﬃ	$ %L%o/6#1@#ﬁ@  .$%
+A#ﬂ ?/.$%
4 	Q#  	-/$ .$%
: ﬀa
 ﬁ#/.ﬀ(@%	Q# W#14 2  ﬀ0	$)ﬁ$% Â#5  :%1 1@%  =<%
 ﬁ#/.ﬀ(@%	Q# W#%.ﬀ(@%Jﬁ#
ﬂ¢#%( 	$7")ﬁ ﬃ 	A ?/.$%JﬁÆ#@#%1M/#J:=<=<5-%1ﬂ1o% :%5C<
 ﬁ 	ﬀ ﬁ B,% 	\#%  U0.%+X#JA# ³#% 1,,%
ﬁ#%14 ﬁ  9$9^%ﬁÆ#5 :%1 1@%=:5-%5
 B ﬁ1.$%1ﬁÆ#14 ﬂ!ﬂﬁ%@/6# ﬁA#5   %1 1 ³% 15-%   
 Bﬀ9$ .$% D#ﬁÆ#14  /,'ﬁ1	5%1+X#ﬁ#5  %1ﬁ  ﬁM³%: @%  
 Bﬀ9$ .$% D#ﬁÆ#% /,'ﬁ1	5%
+X#ﬁ#%14 + . 5% #ﬁF#R#5  %1ﬁ  ﬁ_³%1: %  
+ )ﬁ195%
@#
4  G9^$ 	5%
e#5 =:%1e4eA%5C<:%
:<
+  Mﬀ79-9^ﬀﬀ%Ł#%( ﬃ/25% A#%14 	 	^?/..$%B/6#
:=<=<5-%1 1@%%=:5








+  #/.% R#%1ﬁ 7#%J2X#%  ﬀ	^^,.1ﬀ%³#%14 	 	^.10.$% R#ﬁ=#5  @%1ﬂ1o%  % =<
+ 12Uﬀ795% @#ﬂ¢#%	N2=/.195% =#% ﬂﬃ 0-% ﬁÆ#R#%/ ﬁ,^$5%=+A# P# ﬂT#%=4 ﬂe, .. ³%=+X#5  5-%=ﬁ  ﬁ_³%
:=:%
:U5
+e.5% #ﬁF#R#%J2!	$C12795%1o# ³#%14  Bﬀ9$ .$% D#ﬁÆ#1:=<=<%1ﬁ  ﬁM³%
  %
+e79$	^5% R# ﬃ X#%ﬂB#/.ﬀ(	5% R#%14  ﬀ(5%1@#o/6#5  =<%1e4e=%1::%1:5
:5C: KMLON-P$QR$N!SUT8VCWXVYSUZ\[U]-WX[CL,T8R^NeR `	bdc V7fgR
0 	-/.779ﬀ7ﬀ%
@#%	N2=/.195% A#@#% 	e	2 ³%Â#1ﬁÆ#%1M/#5  :%1 1@% =:%  
+e ,.³%
 P#%+ ,ﬀG .10.%J P#Ł#% /$	$9"%:/'#UﬂT#R#ﬁ#%4  /)ﬁ$% ³#:=<=<%e4e=%
 %
=<
+eﬀ( ﬁ1	^ {%³#1ﬁÆ#14 >!ﬃ ﬀ	5%J=#ﬁ=#5  =:%  /	$-%  % =<
+ 	-/,.1-%1ﬂT#1>#5 %1 1 ³%:% 
+ 	-/,.1-%1ﬂT#1>#14À/%1A#1:=<=<5-%1 1@%5-% =<
+ ﬀ ³% # #5 %1ﬁ  ﬁM³%:@%5
+ ﬀ ³% # #14  ,,,#G95%
+A#
=#5 5-%1ﬁ  ﬁM³%(5 %J: 
+ ,ﬀG .10.%( P# Â#
4 +e ,.³%( P#
:=<=<%1e4e=% 15 :%5  
+ ,ﬀG .10.%( P# Â#
4 +e ,.³%( P#
:=<=< #$%1e4e=% :5-%5C<
+ ,ﬀG .10.%( P# Â#%1+e ,.³%( P#%
4  /^-%
=#1:=<=<5-%1 1@%=<%  
+ ,ﬀG .10.%; P# Â#%	_ ,ﬀ.#
)ﬁ$%+A#% ﬂ  $% D#%4 +  _ﬀ79$9^ﬀﬀ% Â#!:=<=<%,.  	$ $=9^-	$9 /.10
3#/.1$9ﬂﬁA% 5C<=<
+ ,ﬀG .10.%( P# Â#
4 > 	$ ,#%	ﬁF#1:=<=<=<%1e4eA%=<%5=5
+ ,ﬀG .10.%( P# Â#%ﬀ2=/. 
  0 ﬁ1 %L% 2X#@#%
4 e/^-%1A#1:=<=<=:%1 4eA% %  
+ .
 ,.$% ³#ﬂ¢#14  	-F	$0.% D#=#5  %1ﬁ  ﬁM³%1: %
:





2 ,,ﬀ $C$% ³#%ﬁ.
	$0.% M#% G .$%1ﬁ#%14 + 	$ {%1A#1:=<=<=<%1 4eA%%5
+ "{%	Q#%1 	$.105% ﬁF#
2¢#%! 9$.$%+X#1@#% /#5  :%
 1@%  %
	3ﬀ9^.1	5%;@#=#%Â//.1-%;ﬂT# R#%  79$ .$% ﬁF#Ł/6#% 	M,,ﬀ.#	-/.10.%L/6#;=#%4 	(. 5%3=# W#;:=<=<%
 1@% %=<
	3ﬀ9^.1	5%;@#=#%Â//.1-%;ﬂT# R#%	M,,ﬀ.#	-/.10.%N/6#!A#%  79$ .$% ﬁF#Ł/6#%;4 	(. 5%3=# W#;:=<=<@%
 1@%5%5C< 
ﬀ9'ﬁ1	5% ﬁ=# ³#%>ﬀ79ﬀ7ﬀ%3 P#ﬁÆ#% /^5%ﬁ#; P#%! /#!:=<=<@%!,. ﬂ ,ﬀ^,. 'ﬁ1? G	^C/.
 9^	$ .1 C/U ﬀ %ﬀa
	^ﬀ70.%(+A#o/6#5   %
,.)  ﬀ  B ,ﬀ ³#=<  	_( ﬁ _.ﬀ( #	 ﬁ_79$ ^ﬀ . $,#	 	. $	 X	$G	 %
70.#@#1+ 52 ﬀ9M4 e#@#
>!/.ﬀ(ﬀ% ﬀJ5
	^ﬀ70.%+X#-/6#5  @%,. _3>Md ^ ' 	$-#: = 01 ^2  ^79 F	3_9$	$ .1%%70.#=+X#ﬁÆ#
_,ﬀ ,. 4 @#1ﬁÆ#ﬁ@	^ﬀ ^^%J: ﬀa
2 /,,#/.1ﬀ%	\#%1M,ﬀ ,.$%+X#% ;/.^,.$%	Q#%@/((-%	Ł#(A#%
4 ﬁ@	ﬀ7ﬀ%(A#
:=<=<%1e4e=%  % =<
:5 KMLON-P$QR$NSUT8VCWXVYSUZ\[U]-WX[CL,T8R^N_Ra`8bdceVCfgR
2 ﬃ ﬀ-%A P# R#ﬃ5   %;,.    B .# U	5# 5=< ;_9$	$ﬂﬁ 9^C/+ ﬀ9ﬀ79 ﬃ /. 	" ﬃG	
 )ﬁ1U %
70.#A#@# U, B U0 4 o#
2e U0?/.$%5C:=: ﬀa
2 		^ﬀ9$ .$%o/6#1ﬁÆ#14 M.10	$9$ .$%( P#1ﬁ#5  %
ﬂ1@%1:=:5-%=<5





ﬃC% ﬁ=#%  )ﬁ =0%	ﬁF#%






2e ﬀ0	$ ﬁ$% Â#%@/,'ﬁ  ³% 
¢#%14 	^% ﬁF#1:=<=<@%1 1@%5 @%  
2e	^^% ﬀA#14 	  ,ﬀ. #
)ﬁ$%(+X#1:=<=<@%1 1@%5% :
2 	- 0{%
 P#1A#%+ 2U,.1-%1+X#% U 0(/$-%1ﬂT#%1M/#J:=<=<=<%1ﬂ1o%@%  
2 	- 0{%












 B#( .	$ ﬀT(ﬃ  ﬀ79( 	-/,.1901/.19ﬀ! ,,ﬀ ,.$	$9^$,#/	$-#(> ﬁ 79$
0 0 $	-/
	e#
	^5%	Q#% e/^-%1A#%14 ﬂ!	ﬀ(%	Q#1:=<=<%J 4eA% ::%5   
	e#
	^5%	Q#%1>!79^^%@/6#% e/^-%1A#%14  ﬃ	#,,ﬀ5%
ﬁÆ#1:=<=< #$%1 1/6%5 @%@/A5C: 
	e#,.ﬀ(@% 	=#o#5 %1ﬂ ,#_9$	$ .$# 	.19$5#ﬂ_'ﬁ1	^#/.1095%5 % :5
	e	^?/..$%@/6#%ﬂ .  .$%³#1@#%J4  ﬃ/25% =#5  %Jﬂ1o% <:%
:5 
	e 9'ﬁ%! P#35 5-%,. 8 ﬀ    $#    .101G.-/  	$#ﬀG9 ,. 'ﬁ1?> ﬁ17	 @ﬂ $,#	






 	5%(@#%14 > ﬁ
ﬃ3%	Q#5  @%1e4e=%1: 5-% 
	 	#(@%J2X#	A#5 =<%1ﬂ1 ³% @%
	_,,ﬀ. #	-/.10.%o/'#1=#%  	$3%³#	Q#%ﬁ 	#
% R#@#%J4 ﬂ 7.1-%
@#5  =:%1 1@% :%5
	  . {% ³#%ﬁA/. ﬂ 	ﬀ ﬁ152.$% P#%7$	$95%	Q#%
_/#1:=<=<5-%1e4e=% <%5C<=<
	 #  1%BA#% ﬂﬃU0.ﬂﬁ1G	5% Â#%ﬃ4 /ﬀ9$9D1	5%A@#"@#":=<=<@%A,. ﬁM2Uﬀ9^- ﬁ@ C/.
 0  9 ﬃ
	$ .1 #   9^	$!
9^C  B .X	$.7U	^ﬀ795%A70.#ﬃ2X#"2 	ﬀ#3ﬃ U( 	-% 2X#">.1	^ﬀ ﬃ	>!(=ﬀ-%
@# 	-/.7ﬀ%J4 	A#e# 




:5  KMLON-P$QR$N!SUT8VCWXVYSUZ\[U]-WX[CL,T8R^NeR `	bdc V7fgR















ﬁ  #  ﬁ 95#%5C<=<%  
 .
 ﬁ1ﬀ0.%(ﬂT#%
= 95%R#(2X#(=#%o2 /. 
  0 ﬁ1 %L%2X# ﬃ	o#%(4 2 /.@+ ﬀ9'ﬁ1 "³% 	Q#R#J:=<=<@%  4eA%
:%5=5
ﬂ  $% D#4 ﬂﬃ	^$ ﬀ0% R#
:=<=<=<%1e4e=%%
:
ﬂ  $% D#4 + ,ﬀG .10.%( P#Â#J:=<=<@%1 1@%5%   5
ﬂ ,ﬀ	5% ﬁF# 5 :% ,. _3>M  Y  	$-# 5 5     ,  	$?/^ 	 U0	$ C	#  .19?/.10
 9^	$ﬂﬁ 9^795%70.#1A#ﬀ/(	5%@/'#1+  	_.10"7	^5%(4 =#ﬂﬃ "C	-%ﬀ 
ﬂ .  .$% ³#1@#
4 	e	^?/..$%@/6#5 :%
ﬂ1@%=:% U5 




ﬂ .  .$% ³#1@#
4 /ﬁ$%
@# X#5   %1_o%5=5%5=5C<5
ﬂMU	^.1	5%+X#(e#% ﬁM79$9$ﬀ	5%(ﬁÆ# 	Q#%  	^.1	5%ﬁ#( #%4 ﬂ ?/.$%+X#	Q#;5  %ﬂ1/6%=<%
/ 2a
ﬂM G&(	$"2³%J=# =# 5 15C%U,.  B $79	$.1019
!
+e # 0 #"0  C 0 ﬀ 079ﬂ ﬀ.779 0
 ﬀA#(ﬁF# ³# ³#%ﬁ  #=:%5 ﬀJ5
ﬂM G&(	$"2³%1A# =#(5 15#$%,.& B $79	$.1019
!
+eU# 0ﬂ#"0  C 0 ﬀ 079  ﬀ.779 0
 ﬀA#(ﬁF# ³# ³#%ﬁ  #=<%=<5ﬁﬀ=<
ﬂ!)ﬁ.1	5%(ﬁ#o#1:=<=<@%1ﬂ1o%5C:%5=5  
/ 01%J P#@#5 :%,. 8 ﬀ    $#5=5  -	 1	 ,.ﬀ( ﬁM(=ﬀ .19"%70.#1ﬁ## 	^ 4 @#
  ﬃ
( $%5ﬁﬀJ5 




/"C12,ﬀ	 079 	3-/.ﬀ(95%1A#% ﬁ_ﬀ01/ ﬃ	ﬁ  0 $	5%=#%ﬁM# 	(-%A#%U/#1:=<=<5-%ﬂe/	$-% 15C:%  <
/(	5%
A#14  ﬀ(5%J@#ﬀ/6#5 @%1e4eA%5:%@/ 
/,.1	^5%( P#% 	 = 95%ﬁÆ#%  #	- ﬁ3% Ł#%(4 ﬁ ﬁ)ﬁ%
A#1:=<=<5-%1e4e=%%  =:









/ ﬁM2Uﬀ  ; 9^	$ . /.10  9^	$ﬂﬁ U95%5-%5C: 
:5 KMLON-P$QR$NSUT8VCWXVYSUZ\[U]-WX[CL,T8R^N_Ra`8bdceVCfgR
/$% #ﬁÆ#%	M,.
ﬃ% Â#1ﬁÆ#%	_ % ?/..$% #R#%1M/#
:=<=<%1 1/6%5%o/ 5
/$% #ﬁÆ#%	M,.
ﬃ% Â#1ﬁÆ#%ﬁ  	5%
ﬁ#ﬁ=#%_/#1:=<=<%1 1/6%  %@/A5=5=5
ﬁ / F/,5%ﬂ¢#%   .19"%J P#% /$	$95%@/'#1ﬂT#M#ﬁÆ#%1M/#5  %
 4eA%=:%@/:






A#D#5  :%1ﬂ1o%  =<%   =:
ﬁ /..,.ﬀ(95%ﬁX#14 	(.5%
A#D#1:=<=<=<%1ﬂ1o%=: % 5
ﬁ 	$9'ﬁ$% ﬂ¢#A#% ﬁA/.  "ﬀ2-%@# 	Q#%ﬁ  ﬁ1 .1 ³%ﬁÆ# @#%	e B	$0.%>#:/6#%4 	_³%@# ﬁF#(5  %
 1@%  5-% 
ﬁ /'ﬁﬀ95%@# ³#% ﬁ %e#%J4 _	$09^ﬀ"³%ﬂ¢#	=#5 :%
ﬂ1@%1:5 :% :
ﬁ 	5%1ﬁÆ#14  1ﬀﬃ%1+X#5  % e/	$-% %
ﬁ g ﬃﬀ( ﬁ	$C/.$%ﬁ#(@#%  - ( Fﬀ05%ﬂ¢# ﬁF#% 4  "ﬀ=9$-%{/6# ﬁÆ#(:=<=<=<%  	$ $=9$-	$9 /.10  #/.1$9
 ﬁA% 
ﬁ@7195%
2X#%   .195%( P#%
4 ﬁ@/  /,5%ﬂ¢#5  %1e4eA%=: %55
ﬁ@7195%
2X#% /$	$95%o/6#ﬂT# R#ﬁ#%ﬂﬃ ?/.$%J@#%1M/#
:=<=<5-%
 4eA%%  
ﬁ ,,#	5%1>#@#5  =:%1ﬁ  ﬁM³%:  %
ﬁ 	$=9'ﬁ.)ﬁ1.
 ﬀ%J=#% 2ﬃ7-% 
Â#%
4 	3,,ﬃ"	5%Jﬁ#5  :%
ﬂ1/'%  %@/ 15Ca
ﬁ ﬃ".1ﬀ% 	=#% e=ﬃgB% ﬂ¢#%4 	 ﬃ 9'ﬁ%  P#5  %  	$&( 	$79$9A> ﬁ17	$^C/	 ﬁ U9$795% =<%   
e/^-%1=#5  %
ﬂ1@% 15C:% 5
e/^-% A# :=<=<@%U,.    B .½#U	5# =: U+e#	^ﬀ9B+ ﬀ99"/.10 'ﬁ1 1	?/^ﬀ .  3#/.1$95%70.#
/6#J ﬃ	$ %N%@/6#
@#ﬁ U .$%1+X#ﬂ  ?/.$%
4 	Q#  	-/$ .$%
:=< ﬀa
e/^-%1=#%





e/^-%1=#% 	19^^%1>#%  	^%ﬁF#%M/#
:=<=<5-%
 4eA%U5-%5
 	-% 	A#14 ﬁ ,,#	5%1>#@#
:=<=<%1e4eA%  %  =:
  0,%J P# ﬁ=#14 ﬂﬃ"  ,'ﬁ$% ﬁX#e#5  :%  ﬀ.7-%J:%5
  0,%
 P# ﬁF#%  .$% 
Â#%	 $% A#%4 	_79^$	5%@#U@# 5  =:%ﬂ ,ﬀ^,.&'ﬁ1eG	^C/.  9^	$ .1 ﬃ
 C/U ﬀ %(:@%5=5  
:5 KMLON-P$QR$N!SUT8VCWXVYSUZ\[U]-WX[CL,T8R^NeR `	bdc V7fgR
  +e ..1,%
@#	\#5  @%1 1@% :=:%5 






 4eA%  :%=:
/. ^,.$%	\#%@/((-% Â# ﬃ A#%J "#	$5%J=#%M/#
:=<=<#$%
> ﬁ1 ﬁ 79-9$.ﬀ(	5%5=5 %1:
  #	5% ﬁ=#%






!7$	$9"%	Q#% 	  . {% ³#%ﬁA/. ﬂ 	ﬀ7ﬁ1"2.$%  P#% /#1:=<=<=:%1 4eA% =<%5C< 
!ﬃ ﬃ"$ﬀ% ³#%  	- F,#% R#%14 /	$.
ﬃC^^%(+A#5  :%
ﬂ1@% %1: =<
3 $% ﬁX#%+ 	$ ³%
=#%14 ﬂ  ﬁ
/.1-%  P#1:=<=<%1 4eA% %
3 $% ﬁX#%
2 ,,ﬀ $C$% ³#%14 + 	$ ³%A#1:=<=<%1e4e=%  %   
! ,#³%(@#ﬂT#% 	  ,ﬀ. #
 ﬁ$%
+X#%1ﬂﬃ"  ,'ﬁ$% ³#%1M/#5  @%
ﬂ1@% :5-%5
! . $ﬀ01/.$%ﬂ¢#1ﬁ#14 + ,ﬀG .10.%  P#Ł#(:=<=<%1 4eA%  %  
 	19^^%1>#%  /^-%1A#%14 ;/,#% R#5  @%1e4e=%1: =:%  
ﬁ ﬁ$	5%
ﬁÆ#@#%1 3% -%1+X#>#%1ﬂB# -%J2¢#=#%14 / {%1@# 	=#1:=<=<=:%1 1/6% :%@/ 55
ﬁMU00ﬀ	5% R#5 5-%  	$&(@#J ^79"%ﬁ  G?5 %$#
:5ﬃ %5 %
:5
ﬁ ,.19U% ³#1ﬁÆ#5 %1 @%  =<%
:=:5
ﬁ 19$9-%ﬁF#% U  F	5%1ﬂT#%14  ,,,.1	5% ³#5 :%1ﬂ1o%
:=:=<%
ﬁ 19$9-,%ﬁF# #% U  X	5%1ﬂT#>#%
4 ﬁ@		^,,%ﬂ¢#1ﬁÆ#5  %1 1@%
:5%
ﬁ 19$9-,%ﬁF# #% U  X	5%1ﬂT#>#%
4 d,,,.1	5% ³# Â#5  #$%1 1/6%J:5 :%@/ 5  
ﬁ 0( 	$.$%;=# 	Q#346 B ﬁ1.$%3ﬁ#ﬃ5 %,.  	$ $=9^-	$9?/.10 3#/.1$9 W%70.#;+X#3 P#;ﬂB# 4
ﬁÆ# ³#ﬁ@/^'ﬁ1  95%U5ﬁﬀ
ﬁ 0( 	$.$%1A#
	Q#%  	$3% ³#
	Q#%J4  	$3%ﬂ¢#1ﬁÆ#5 %1 1 ³%=<%=<
 /-%
=#%  01% ³#%
_.









	-ﬃ7,.$%gﬁÆ#=5  %7,. ﬁ^ﬃ      0# 79$ﬀ# 	( £(. ﬃ   #19   9^ﬀ, 
	-/.
/ 7 ﬁ
	$.7  -<	-< ?ﬃ  # 19
 )ﬁ ,^5%
e#% 	 ..,.ﬀ(@%1>#%14 ﬁ)ﬁ
% ﬁF#5  :%1e4e=%=:% 





U^#ﬃ/.$%Jo#% ﬁMU0?/..$%@#%101  ,2=%ﬀ/6#%1 /#1:=<=<%1 4eA%  :%@/ 5
7ﬁ $%R# 	=#%/ﬃg/.1ﬀ% ³#%4  01G95% R# P#
5 :%,. 8 ﬀ    $#15=5  -	 1	 ,.ﬀ(ﬁ_(=ﬀ .195%
70.#1ﬁÆ#!#(	^ 4 @#1 ﬀ($% 15 ﬀ 
 ﬀ# .G	(.$% ﬁF#%1 /^-%ﬃA#% ﬂ!	ﬀ(% 	Q#% 4  	19^^% >#e5   %ﬃ,. 	 U   ﬃ: ﬃ> ﬁ1
ﬀ_.2	$9$  9 U7. # ﬀﬃA%170.# Â#J B  4 ﬁÆ#
ﬂ 79$9^ﬀ	5%  ﬀa
 ﬀ# .G	(.$% ﬁF#% 	19^^%1>#% e/^-%1A#%14 ﬁ ,ﬀ	5%1>#(2X#1:=<=<=<%1e4e=%5-%
: 
 U,..1	5% ³#@/6#14 
"? ﬁ%³#5  %





 ,'ﬁ$%1ﬂT#1A#14 >		^,ﬀ-%	ﬁF#@#5 @%  ﬀ.7-%(:=:%5 :5

=/.195% ﬁÆ#%(>ﬃﬀﬀ.19"%(A#2X#2X#JﬁÆ#%³2 /. + ﬀ9'ﬁ1U"{% 	\#R#%4 ﬂ  795%	\#³/'#A#;5  @% 1@%
 :%
: <
 -   Xﬀ05% ﬂ¢# ﬁF#%; 	^.1	5%Bﬁ#; #% ﬂﬃ)ﬁ?/.$%  P# A#%  /#A:=<=<%A,.  	$ $=9^-	$9 /.10





4  / 	5%1ﬁÆ# R#5 %1e4e=%5 =<%o/ 5
 	$9Uﬀ-%1ﬁÆ#M#%+  2U,ﬀ)ﬁ$%J+A#% 	$3% ³#
	Q#%1_/#5  =<%
_@%   %5=5
 U279^$	5% ﬁ=#@#%  ,..1	5% P#o#% ﬂ 	^ﬀ0%UﬁÆ#@#%U4 ﬁ /..,.ﬀ(95% ﬁX#
5  %Uﬁ  ﬁ_³%:  %  5
>!  ﬁ%J>#%







=% 	=#% 4 =ﬃgﬃ% ﬂ¢#g:=<=<=<%Cﬂ ,ﬀ^,. 'ﬁ1  G	^C/.  9^	$ .1 C/
U ﬀ %=:%5=5C<=:




> ﬁ1-% Â# ³#%1> Y,.$%	=#ﬁ=#
	Q#%  $7.?/.$% 	=#%14  79$9-,195% Â# ﬁF#5 %1e4eA%5% 
> ﬁ% #R#%ﬂ"# -%(2X#=#%@2 /. + ﬀ9'ﬁ1U"{%
	Q# R#%1M/#
:=<=<5-%  /	$-% < %=<




2X#ﬁÆ#14 	  ,ﬀ. #
 ﬁ$%J+X#5 %1 1@%
: 5-%   
>Uﬃ	$-%
A#5 @%1 1@%5 %5C:5 
> 'ﬁ,,% Ł#2X#%ﬁ@ ..ﬀ	5%@#+X#% + /.)ﬁ% # P#% 	 /ﬀ-%+X# +X# ³#%4 >! .1795%; P#	A#:=<=<=:%
 1@%:% =:
2=/. ﬂBU % ﬁ=#%ﬁ ,.$%ﬁÆ#% /$	$95%@/6#
ﬂP#R#1ﬁÆ#%M/#
:=<=<%1e4eA%  :%5 
2=/. ﬂBU % ﬁ=#% /$	$95%@/6#ﬂT# R#ﬁÆ#%+  ,.{%J P#%1M/#J:=<=<@%1 4eA% 15%5 
:5 KMLON-P$QR$N!SUT8VCWXVYSUZ\[U]-WX[CL,T8R^NeR `	bdc V7fgR
2 /. 0. M. 	5%
ﬁÆ#
	Q#%1ﬂﬃ ?/.$%J@#% 79$9$,19"%Ł# ﬁ=#%_/#1:=<=<=<%1e4e=%:%=:
2 /. 0. M. 	5%
ﬁÆ#
	Q#%10ed,.$	5%
+X#%14 > Y,.  + Yﬀ-%	A#ﬁF#
	Q#5  %
 4eA%=<%5  
ﬁA/. ﬂ 	ﬀ ﬁ152.$% P#%1>ﬃﬀﬀ.195%
=#
2X#
2¢#ﬁ#%14    .19"%J P#1:=<=<=:=%
e4e=%@%
ﬁA/. ﬂ 	ﬀ ﬁ152.$% P#%1>ﬃﬀﬀ.195%
=#
2X#
2¢#ﬁ#%14    .19"%J P#1:=<=<=:#$%
e4e=%@%
ﬁA/. ﬁ /ﬀ0	$.$% ﬁF#%+e",.$%@/6#%ﬂ 79^$	5%1+X#%_/#
:=<=<@%1e4eA% 15 @%
ﬁ 	$9^	- $-%o/'#% !" ﬁ$%( P#%1ﬁ@$$%J P#%_/#1:=<=<5-%J 4eA% :%  5
ﬁ 	#
% R#1@#%   ﬁ ﬀ05% 2X#+X#%14 	_,.ﬃC.$% Ł#1ﬁÆ#5   %1 1@%1:=::%5
   .195% P#4  /$	$95%$/6#ﬂT# R#ﬁÆ#35  :%,.    B .½#U	5# 5C:=:  	$  -	$019$ $
3#/.1$79^?/ﬀ9"%
70.# 






ﬂP#R#ﬁÆ#14 ﬁ 	^#(	$ﬀ( ﬁ$%1o#1ﬁ#5  @%1,.!8 ﬀ    $#5=:   ﬀ9-/^ﬀ .  ﬁ_ -3ﬃ
^ﬀ . 
/.10 ﬁ  9$9Q/=9$9 ,. 	A	^ 7ﬃ	>     -	$95%170.#o/6#1A#ﬂﬃ/ﬀ .
% 	=# R#	 .	^)ﬁ195%(4 @#1ﬁÆ#
/  B . $%   ﬀa
 ﬀ0.19ﬀ)ﬁ,,,,.ﬀ(@% ³#1@#5 :%J_9$	$ﬂﬁ 9^79M/.10
7  ﬀ.7-%5-%5
 ﬀ0.19ﬀ)ﬁ,,,,.ﬀ(@% ³#1@#5 =<%	 C	19"% @% =<
 ﬀ0.19ﬀ)ﬁ,,,,.ﬀ(@% ³#1@#5 @%	 C	19"%=<%
 ﬀ0.19ﬀ)ﬁ,,,,.ﬀ(@% ³#1@#5  :%	 C	19"%5C::%
: =<
 ,.	-#$%(+X#=#%ﬂ 	 {%@# ³#%
ﬂ  9^^.1	5%1o# 	=#% 7ﬁ
 #%³#1@#%14  ﬁ  .1 "'ﬁ$% ﬂ¢#1:=<=<%,.
 	$ $=9^-	$9 /.10!3#/.1$9ﬂﬁA% 5 ﬀa
 ,.	-#$%(+X#=#% /.10,% 2X#%14 + .C/.$% #+A#5  %
ﬂ1/'%<%@/  
 ﬃC9 	5%  P# R#ﬁA#5  % 
(,$9ﬀ)ﬁ	^ X  	_9$	$ﬂﬁ 9^³%1:=:%5 
 'ﬁ1	^,,%(2X# #5 =<%
_.. 
/ ﬁM2Uﬀ  ; 9^	$ . /.10  9^	$ﬂﬁ 95%5% 
 ,,,.1	5%³#Ł#% U  F	5%ﬂT#>#% ﬁ 19-9$,%ﬁF#Ue#%ﬃ7-% ﬁF#ﬁ=#%4 2e,,ﬀ^5% R#
 P#5 :%1ﬂ1/6%
:5 :%@/ 5C:5
  U0.$%+X# 	A# 5  @%,.    B .# U	5# =: > ﬁ1 e/	$?/.10 	62 ^ﬀ .
	   -/19 
	 	#(G  /ﬂB  -	$95%170.# Â# ³#> ﬁ1-%1ﬁÆ#ﬁF#	$ﬃ%J4 	\#Ł#J@#2 /. 0. 	_ﬀ2%5 ﬀa

"? 9'ﬁ,-%ﬂ¢#5  %  	$&( 	$79$9M3> ﬁ17	$^C/  ﬁ 9^795%  %

 10,.$% ﬁ=#ﬁX#14 	N2=/.195%A#5  %1e4e³%55-% <5

J:( 	- ½%R# ﬃ	@#%!   ½%!ﬂP#%Â/,'ﬁ1	$	5%3 P#%!  .








4 /$%J>#5  %1 1/6%  %@/   2a








5-#,5 	3.F/.7 0ﬁ .1$ ,ﬀ 0! /#ﬀ!? 9$9$
!
!@( 	$ 0  ﬁ$#1_.10	G5  7#D#o##0##F# 5C:
5-# : 	 % _9	 #	 + 0ﬁ . 0ﬀ9ﬀ1 $	_0ﬁ .1 $ ,ﬀ 0e  ( ﬂ¢# ##0##0##F# 5
5-#  
	^a=	X	 =F
ﬁﬀﬁﬂ/!	-  	^ 0 # $  	-/	$ 0&0ﬀ9ﬀ1
9	3#e$  	-/	$M0  $ ,ﬀ 7ﬃGX .^ﬀ . 0ﬃ# 0ﬀ9^-/.7
R/R?
#  	$!1
0G$  	-/	$ 0ﬁ . 0ﬀ9ﬀ1#/
!
	-/, ﬀ,. #  0 #/. 70#/.
!
,(=.1
( ,.  ﬃ 	-/,5#  0 #?9ﬀ	 F7
!
	-/,   ,.^,, $#_0ﬁ . 0ﬀ9ﬀ1 2= 9-#B/79 $ﬃ
	-/	$79ﬃ0 #/. 70#/. 0 0ﬀ9ﬀ1ﬂ#/  2  9 
!
.1	?/,ﬀ9779Q* # $ﬃ
	-/	$ 0e $ ,ﬀ$#9$ .ﬂ	-/^ 1G. M,.10  .101/.$79 0  $ ,ﬀ 7.	-/ﬀ-# 5 
5-#   "# 9$9^"! C/^ﬀ . 0 ﬁ 719G /#
!
:=<=<5$#D#ﬃ 
	"!#ﬁ%$IH% 	A+ 0ﬁ #Y$9 0
( 	$(    7		$79ﬃ  .10Ä* . 0ﬀ9ﬀ1 2  9 -#&ﬃ '	(!ﬁ	YX	*) 	 + 0ﬁ #^$9
0Æ( 	$  $	$I  -/. ﬃ. 0ﬀ9ﬀ 1 E7! ,+ EDH
 "--%3# -#19  G ,.19 #/
C)ﬁ  
	A #	$M0#(	$0 ,. $	^.1
!
+ ,ﬀG .10?B/#:=<=<5  +e ,. "/#
:=<=< #D#e#F##0#0##0##0##F#0##0##0##0#F##0##0#0##0##F##0#0##0##0##F# :=<
:#,5 	 % a9	a#	 + 0G# 	79-.7 0ﬁ . 0ﬀ9ﬀ1?0 (19$9$	$ $	 0ﬁ .1
$ ,ﬀM \* 5C<=< -#/79A0 % 	$.$9B0?/,.179 ﬂﬁ 9$ .  C	- 	^ﬀ9^^179B0ﬁ .1
0ﬀ9^-/.7	"ﬀ9$ 01/.19ﬀ 0ﬀ9ﬀ1-#Û#0##0#F##0##0#0##0##F##0#0##0##0##F# :
:# : !( 	$_ U	-/,$_0Q2=/.?ﬂﬃ  JB/#
!
:=<=< #A12". ")ﬁ
/. ^,,ﬀ .&0M9ﬃ "	$
0ﬁ $ ,ﬀ79 	 	#(  G. Gﬃ.'$ﬁ=# 	,19^	-/^ﬀ . 0 # #
/.10G9^,,C/$8*  # 
µ
  	 ﬂ  	;  ﬀﬃ079 ﬀ 8ﬂﬃ9Ł* # %5=5-# Mﬃ5C:# 
µ
 01/.19 	 +  <# :
:#  > 	-/.19 ﬀ9$9$ﬀ . 9^ 7  	ﬀ 9$,$ 0%;	-/.
/;  ﬁ,, ﬃ .,'ﬁ 12".
G 0ﬀ	  > ﬁM
!
 ﬀ#(.G	(. #F#v#0#F##0##0#0##0##F##0#0##0##0##F# : 
:#  	,19^	-/^ﬀ . 0e# $")ﬁ.1 ﬁ1,.ﬀ(  .1 00,.ﬀ(
!
/(( M/#J:=<=<7#D#+##F# 5
#,5 	  ﬀ?0ﬁ .1 ?( 	70,$? 	79 ﬁ1,.ﬀ(  .1U00,.ﬀ(@#$/79 : 9-	ﬀ779
(=9^,^279!!: 9$	ﬀ779. (/^279 7		$79( .10.  0(=9$,^ﬀ .190  ﬁ1 ﬃ
,.ﬀ(? .1 00,.ﬀ(@# ##0##F#0##0##0##0#F##0##0#0##0##F##0#0##0##0##F# 
# :  B^$ !@( 	$ G .	$ ﬀ79 	$!1ﬀ9 0ﬁ ,. $.19^,  .1	?/,ﬀ97 ﬀ ﬀ .ﬀ( 079 79
_	$0 ﬃ 10  	A9^ ﬃ  179^ 079"#^$9ﬃ#19$	2 79 12"  B_ﬁ ﬂﬁM³#U_.+2 , 1
(	 7	^-/,.19#^$9 ﬀ79_..1C&0ﬁ M	  9$ . 	$ ,ﬀ9M    .1 ﬀ9-9^ﬀ .
$.101 79^0$" 7-###F#0##0##0##0#F##0##0#0##0##F##0#0##0##0##F# 
:=:5 KMLON-P$QR$NSUT8VCWXVYSUZ\[/.U]-WX[CL,T8R^N_R0.a`8bdceVCfgR-.
#  > 	-/.19 ﬀ9$9$ﬀ . 0 !1,	$0* 	$ ﬀ0 G79	 
	. 9ﬃ "	$	$0*a	-/.19 F	7
0 1	^ﬀ	M* (8³#-/  ")ﬁ1,ﬀ 0 # !@( 	$M0ﬂ#
 9A79^ ,^ , 7ﬂ
	_5C<=<
	
	- (	^*ﬂ7,ﬀ 0 ﬁ
5#²##0##0#0##F##0##0#0##0##F##0#0##0##0#F##0# <
#  /790 % 	$.$79 - (79!0;#	C/^ﬀ . 079?(79!9^ 7795# ﬀM.139	^ﬀA0ﬁ ?(79
79^ 7 .19$	,$ . $.
/.7 $e0M# 0 % 	-^ﬀ .&ﬃ0 9-7,.ﬀ(  	A. ﬀ . ﬃ
( 1	$9 0ﬁ  .10795# !	 )ﬁ




/ﬀG. 5%7"79^ ,^ , 
	ﬃ# 	-/.19 ﬀ9$9^ﬀ .&0 !1,	$ Gﬃ
9	7e"ﬀe9ﬃ "	$	70_ #Y  	B#$.	. 9ﬃ "	$ !1.
/#/=2=/ﬀ	
0  101/.19; ?( !1.
/ﬀ 79$ﬀ 	79,-/ 0ﬃ ,.  ( 	-/^ﬀ . 0 9ﬃ "	$ !1.
/
9	$$79 ﬀ79 ﬀ .ﬀ( 1	$9 0ﬁ  .10-#3#0##F##0##0#0##0##F##0#0##0##0#F##0# 15
#   #/^ﬀ . 0ﬂ	 + 5a9ﬀ(=9ﬂ( .1 . 	$.
/.  (	B9ﬃ("	$ 7
G79	
	#ﬃA#Ç#0#F##0##0##0#0##F##0##0#0##0##F##0#0##0##0#F##0# :
#     $IH%7 
	-/ﬀ9$ . 079"#19-	2 /^ﬀ .19
!
	-/, ﬀ,. #"12"ﬀ79"9^#/^ﬀ .19
0 	 + 5&9(=9    .1
!
	-/,( ,. ^,, $#  	e#G	-/.19ﬀ ﬀ9$9^ﬀ . 0
!1,	$ﬃG79	7-#  	^ 	1%ﬁ7 
	-/ﬀ9$ . 079 9^#/^ﬀ .19 0 	 + 5 9 ﬃ
(=9  .152" 0799^#/^ﬀ .19_0ﬁ .1 $ ,ﬀ 0!	  	$.7-#A#0##0#F##0#  
#   #/^ﬀ . 0 	 +a5
!







	-/,   ,.^,, $#  	. !1,	$ ﬃ ﬀ79C	- 	^ﬀ9$^ 179
92 /. $79  ,³2= 5*  ,.  	^ﬀ	M0 ##
/.10 
 9$9D/.$  5C<
−2 *    	^ﬀ	5#
#  	_+ 5    #19$	2  0	-/. G. ,$95# ##0#0##0##F##0#0##0##0#F##0#  





* 0	$ ,$$#M:=<=<=<#i#0##0##F##0#0##0##0#F##0#  
#,5C< 	_+ 5=: e 	7939$19^	-^ﬀ . 0B#    #19$	2 7ﬃ01/.19;#M. , 0G: ?	$9
:=<=<=<#./ 0ﬀ9ﬀ1a .1 #	^,,#/.7 0 9	  7a0 <#        ”2 !    e:  	
σ ∼ <# <=<=:  ﬂ#  	B# 
	^^ﬀ # 19#	^,,#/.$ 9-ﬀ . #a0	$"^ﬀ . 79^ /179$
B<# :     ”2 !    a5=5$#  	 #!G ,.19 #	^,,#/.$ 9$ﬀ .G# 0	$"^ﬀ . .1	$0  /910.# 
#,5=5  B 
	-/ﬀ9$ .a. 	$Aﬀ G 0ﬀ"0" ﬁ#/.ﬀ( 4 2e ﬀ0	$)ﬁ
!
5   #+ ,ﬀG .10
 /#
!
:=<=<5$#D#  3 . ^ﬀ. 7 $ 0  /,$ 1aﬀ 	- . ,. $	^.1G79^"#/	
G
!
!@( 	$&ﬂ#D%#	 + 79^  ﬀ 	$ 	$U0,$&. 	$ ﬁ1 $ﬁ 1 9^
7 .  79^
 9 ﬀ C 9
!
!@( 	$  #D#+  195%9$; . ^ﬀ. 7 $G0a ",,#	$
ﬁ 0	$=9^-/^ 1  	 7	- . ,.$	^.1_Aﬀ /,   ,J!.1#(	$9$ 	$-%  .
2 ,  1ﬃﬀ G 0ﬀ
!
!@( 	$  # 	$ 	$ 0, 7		$"$G. "  ﬀ9-9^ﬀ .?0?0ﬀ9ﬀ1
$	_0 
µ
 01/.19 # 	A+
!
 
	^ 	 X	  
! !, G
	  7 ! ﬂ %*ﬀ*ﬀﬁﬂ 
#,5C: !=9^,^ﬀ .@ # 	$9$ 	$ 0 	-ﬃ . ,.$	^.1 01/.19ﬀ79 $ ,ﬀ790 	_	#(? -# 
#,5 + 79 	^ ^ﬀ . 079 
	-	$79_,#	$790 GU0ﬀ-# ##0##F##0#0##0##0#F##0# 
#,5 d+ ?/,.1&0ﬁ  ﬀ9-9^ﬀ . 0  ﬁ
 1 
	^^ﬀ 0 0ﬀ9  1 9	 F7  ,.  	^ﬀ	5% 	ﬃ
(=ﬀ .19 	$ )ﬁ179  ﬀ ,.19_0  $ ,ﬀ #0#0##F##0##0#0##0##F##0#0##0##0#F##0# 
#,5 ﬁﬂ 
	^^,^ﬀ . 0  .1	(=ﬀG. F .^ﬀ . 0 # 0ﬀ9^-/.7G 7. 	$G0 0ﬀ9ﬀ1-#
/  .1	(=ﬀ ﬀ9$ 01/.19 079 ﬀ2	^	$79 	ﬀ#/	$79.1	?/,ﬀ97F*  .1	(=ﬀe$ ﬃ
-/ﬀ@. F .^ﬀ . 0 	- .$%  	 0 % 	$. $79,2 /ﬀ	$9 079 
	-	$79&0
G 0ﬀ-#B/ 0ﬀ9^-/.7A* # 1,ﬀ  ,.$.19^,  ,. ( 	7 /^$,. =< 0 9-X2=3ﬃ
ﬀ	A$ -/ﬀ  	GA0 C	- 	^ﬀ9$	"  U$.19$ﬀ . 0?0ﬀ9ﬀ1 919ﬀ7 ^#ﬀ_0ﬁ 	$
0$" 7 01/.19G079G#19-	2 /^ﬀ .195#'/ G 0ﬀ . 	-/,  
/ﬀ9G79^  	ﬃ.1
? 9$9$ 0 <# <=: ﬁ





e<# <# #0# =<
:=:=: KMLON-P$QR$N!SUT8VCWXVYSUZ\[/.U]-WX[CL,T8R^NeR-. `	bdc V7fgR0.
#,5 	. 1.7G0 	-ﬃ .  $	^.1 9	 #	 +X#    $IH1% 	 +  	 . 0ﬀ9ﬀ1
0 	- .  $	^.1ﬁ
out
 =<=<  ﬀ
!
,(=.1a52" 079   ,.$95#D#³/  Ga0ﬀ9ﬀ1










79^ GU0"! G #&0.19^, G0 9	 F7?79^7 .19^-/. $
!
? 9$9-G0
0ﬀ9ﬀ 1 0 % 	$.$$#D#   	Yﬁ 	%0( .1	$79ﬀ7.7 0 ﬁ
out
01/.19B#G 0,ﬀ9D/^ﬀ .
0M# 	 +X#)/79B0 G 0ﬀ79ﬃ0	 + 9- . 	-/^ 1G.  ﬀ0.^179/ﬀ	$9







 :=<=<  ﬀ
!
G 0ﬀ 12"  G79 
	-	$795%
	a  ﬀ  G
? 9$9$ 0 0ﬀ9ﬀ1-% 7  
Hprout/Rout
#D# ##0##0#0##0##F##0#0##0##0##F# 5
#,5  	. 1.7e079 





	-	$79M0  $ ,ﬀ M0(19-9^	$790 .. 795#$# =:
#,5    $IH% # ﬁ
$	0 	$79$9^ﬀ .
!
	-/, ﬀ,. #!0B9	  7
!
	-/,   ,.^,, $#
(	3#e9^		$C/ 7*  /ﬀ00ﬃ " ,,#	$ ﬁ 0	$=9^-/^ 1
!
	-/, #ﬀ #
  	Gﬀ GU0ﬀ
	-	^ﬀ9  	$ 	$U0,   ﬀ ﬀ79?0 .. 779 0
	_+ 5
!
	-/, .1 	5#D#   	Yﬁ 	% 7 




  ﬂ#B52" 7,ﬀ!7 .19^	,$* 
	^^	 0 GU0ﬀ 0 . # 9^		$e79^
C/ 7 
	 ",,#	$ ﬁ U0	$=9$-/^ 1
!





	-/,ﬂﬀ,. #D# #0##F# 
#,5     $IH%,.$.19^, 
!
.1	?/,ﬀ97_ﬂ? # C/ 7M9	 079"0ﬀ9ﬀ179 .





	-/,   ,.^,, $#D#)/  ?(M0ﬂGU0ﬀ 7 .)2  _12"M#
   0_#a., 7		$79ﬃ  .101/.$-#  	^X	% 	 + G 0,ﬀ9 7
!
	-/,   ,.^,, $#
7 
	7  #19-	2 /^ﬀ .19 ﬃ
!









# :5 !( 	$a 	-/,$a0  9$,#?4  /^-
!








,  0P( 	-/,.195#D#/79C/ﬀ9












 1 7	#  9$e$	 ,.1 
/.10&ﬀ! ,,ﬀ 02 ﬀ. _^1G. ,.7-#Ä#  <
@#,5 	  ﬀ79a0G9$.19$#,,, 79G79	779a 7	$9 079  	$ ﬀ	$9G ﬀ9 0 ﬁ /ﬃ
 $ﬁ . #
/.10 
!
( ﬁ1$#  #
/.10 
!
0	$ ,$$#  	-/,$ 0790 .. 779 	 
!
ﬁ^ﬃ     0# 79$ﬀ# 	(  ,.19^	G.$9  £2 ﬀ9^	  ,.19$5#D#6/ 9$.19^#,,,  (	 )ﬁ
1
$ ,ﬀ 9^-/.101	$0 79$M79^^7 . F/ﬀ9-/. M0 # ﬂﬁ1 $	^ﬀ 0ﬁ ﬀ2	^	$-%
# -#
. 0$	 ,.
/.  ﬀ 	- .  	eﬀ" 1;ﬀ 9^(=.
/39	!#	, 79^!??/#³/
9^(=.
/ 0a $ ,ﬀG79^e,. ( 	?52"ﬂ7 	- . ^?/" .1 		$	 7		$79'ﬃ
( .101/. $ 79^ C/ 7-# !,.
/ﬀG. 5%B*  /ﬀ0 0 C/-/ﬀ&( 1 0  B ﬁ1.@

9$
	$ﬀ2.ﬀ79B  C/,#	79079 $ ,ﬀ79079ﬃ$ 190ﬁ  (=9$,^ﬀ . 079 #19-	 ﬃ
2 /^ﬀ .195% .C/ﬀ # 9$.19^#,, -#?#0##0#F##0##0#0##0##F##0#0##0##0##F# 
@# : 	  ﬀ79&0 9-.19^#,,, 79 G79	779&. 9ﬃ "	$=9ﬀ7ﬀ 9	 ﬀ79  	$ ﬀ	$9
G ﬀ9 0 ﬁ ﬃ $ﬁ
!
!@( 	$& 	-/,$&0 ##
 9$&0&0 .. 779 	  #D#N/! !@( 	$
0T()ﬁ1 G . 	$ # #
 9-9$!	79$ ^ﬀ .  	  ﬀ .ﬀ( 1	$9M0ﬁ  .1079 7.	-/ﬀ79
0 % 	$. $79 01/.19 # #
/.10 A#Ł/! !@( 	$ 0 0	$ ,$ G .	$ ﬀ79 9$.19$#,,, 79














 95#D# # 




/.1079  =9^,^2799- .M9 	ﬃ =9779M 7. 	$-# ##0#0##0##0#F##0#  
@#   Ł% .1 7$ #19$	2 7a12"ﬁ  ﬂﬁ .  ,. :=<=<#?##0#0##0##0#F##0# =<
@#  / 0ﬀ9ﬀ 1 0
β
ﬃ 3$	^ﬀ9X2 
	 ﬁ ﬃ $ﬁ²* 5C:#   5# 
µ
3#Ł/   9$9  	^ﬀ
!
ﬀ7  ?9ﬀ10 ﬃ	179^ 19#	^,,#/.  1?ﬀﬂ7   .1	$0 ﬃ	79^5# 79^#/	$G. # ﬃ
9$	2 -#( BﬃG ﬀ G . 	$7^$ !@( 	$-% 19_# ﬀ .ﬀ( 1	_0ﬁ  .10a0ﬁ #19$	2=3ﬃ
^ﬀ . 79^R( 	-/.10-%19 .	2 ,0e#  19$9^	$  	$ ﬀ0
!
ﬀ79	(=ﬀ .19 ﬀ ,.-/,.179
0 0ﬀ9ﬀ1$#D# B  .101/.5%!# 	79$ ^ﬀ . 9ﬃ
/^#/ﬀ?01/.19 ﬀ79 	(=ﬀ .19 7.	-/ﬀ79
79^ﬃG ,.19ﬂ#  ..1 C	7,ﬀﬃ M79^ , ,  
	 # 0 % 	-^ﬀ .  Mﬀ( G. $
12" #aﬀ .ﬀ( 1	 0ﬁ  .10-#   
	$G=	X	  
	
 	  ! ﬂ 
  ﬀ&# #F##0# 5
@#  ﬀM.1 ?( 7 (=9^,$a0 /	^.1a9ﬀ	M#ﬂ()ﬁ1
!
#ﬀ ( 	 !1,	$A* 5=5-# 
µ
3% 	$ﬀ(    !1,	$\* 5 # 
µ
 #D#/!	(=ﬀ .?#	-( 7_9ﬀ	3#
	^^ﬀ()ﬁ1
7		$79ﬃ( .10  
	^^ﬀ790  /..1C 12"e079ﬃ$ 	-/	$79 19#
 9-9$79
 	79a9  	$ﬂ	$  	$ ﬀ0ﬀ?. 
 9-9-/. 01/.19  #	$ 0 /	^.1-#! 0	$ ,$-% .
ﬃC  9ﬀ	Bﬀ79_/..1C 0 /	^.1$G . 	-/. ﬀ79/..1C M P%ﬂP%
!
0
()ﬁ1=*G0	$ ,$$#D%# 02Uﬀ9^ﬀ . 0  ﬃ 9$9^,.. 	$ ﬀ79M/..1C ﬂ A#¼#F##0# =:
@#  /3(/#ﬀ U  F	^ :% e2  5C<#Â/  ?( 0ﬂ()ﬁ1& ?#$. 1&52"
. !1,	$0* 5C:# 
µ
 7 .$.
/. P* #X ﬀ9ﬃﬀ$7 . ^,.     ﬀ9-9^ﬀ . 0P(ﬃ#
/ 	-/,$.1$?	ﬀ1  /.ﬀ(=ﬀ 0(=9$,^ﬀ . ﬀC/ﬀ 079ﬀ9$ﬂﬁ1 $795%G .	-/.
# 9  	^ﬀ 0   ﬀ9-9^ﬀ . ﬂﬁ60 7.	$2	$9 ﬀ79 	(=ﬀ .19 19  $	^.1795#
/  ?( 0 0	$ ,$ 	$ 	79$. $a  ﬀ9$9^ﬀ . /$  1 0*_R(ﬃC.%  	79
9$19^	-^ﬀ . 0 7 . ^,. 3#   
	$ =	 	    
	
 	  ! ﬂ 
 ﬀ#Ç#0# 
@#   / #
		$?0ﬁ  	^ﬀ . #19$	2 7?12" ﬁ ﬃ ﬂﬁ . ﬁ




 G .	$ . 9ﬃ "	$R*M:0G.19$ﬀ .19
!
#_0	$"^ﬀ . 0A0ﬀ9ﬃ 	 ﬃ
9^ﬀ . 79^ ﬁ1	^ﬃC . -/ﬀ-%1# 0	$"^ﬀ . 9
/^#/ﬀ 79^R2	^^C/ﬀ-%1.1	$0 . ﬁ
5#D#o/
( 	- ﬂﬁ 1 0 #
 9 G .	$ 1 179 9ﬃ "	$79_ 	-/,$9ﬂ 	_0 % 	$.$79  ﬃ
9^,^ﬀ .19M9ﬃ
/^#/ﬀ79"%,,19^	-/._ﬀ$)ﬁ
/.ﬀ(G.  0 # ﬀ .ﬀ( 1	M0ﬁ  .107. 	-/ﬀ
12" #  =9^,^ﬀ . 9
/^#/ﬀ-#   
	$ =	 	     	
 	  ! ﬂ 
 ﬀ##F##0# 
@#,5C< / 7.	$X(/#^1 #19$	2 a52" . !1,	$ ( 	 5 # 
µ
3#{/# 79^e0
0$"$	3  ﬀ9$9^ﬀ . 9 U.)ﬁ	$ 	$ .G0a	$a.1 	330 7 .	-/,.10	$ ﬀ79 GU0ﬀ79
0ﬁ  ﬀ9$9^ﬀ .$#   ﬁ'	$G=	X	  
	
 	 7 ! ﬂ % ﬀ&##F##0#0##0##0#F##0# 
@#,5=5/ 9$7,.ﬀ( 01/.19ﬀF2 ﬀ9^#ﬀ=* 	-/.
/ 7 
	X* # , ,$ 0 0 % 	-^ﬀ .@0
 ﬀ79ﬀ7(-#3_.Ä2 , (	. 9$7,.ﬀ(@0 <# 
	?01/.19 ﬀﬂ2 ﬀ9^#ﬀ-%! . 79^ , , 

	 # 0 % 	-^ﬀ .Æ* 5C<  :=<
µ
 ?/ﬀ9
 9(	$. 9$7,.ﬀ( 0&5	 01/.19 ﬀ
2 ﬀ9^#ﬀ 

  79^#a	#ﬀ.70 ,.1  G=* 5C<
µ
3#¢#0##0##0#0##F# 
@#,5C:  ?( C	- 	^ﬀ9^^1 #$. 1 12" .d ﬀ79ﬀ7  # C7 19+( 	-/.10
 1 # ﬀ .ﬀ( 1	 0 7 ﬁ 	$.7 0& /G=9ﬂﬁ 	$ 	ﬂ. $ 19 0  =9$
	797	^5#3 ﬁ
 1?-12	$ 79^ , , 7 
	 # 0 % 	-^ﬀ .$% ?/ﬀ9 ﬀ	a. ﬃ
9$#ﬀ!7ﬀ2 	$.1 ﬃC .1# C7 19G( 	-/.10
!
ﬀ 9$7,.ﬀ(7#D% C	- 	^ﬀ9-
# 	#ﬀ.7 0  /G=9ﬃﬂﬁ 	$-#(_.(M.1 $	M# 	79$.7 0ﬁ .1 -52	$
	^,. 
/ﬀ .$	7 0 .1#	$19-79M-52	$79M9$"7 .101/	$795#H#0##0##0#F##0#  =<
:=: KMLON-P$QR$N!SUT8VCWXVYSUZ\[/.U]-WX[CL,T8R^NeR-. `	bdc V7fgR0.
@#,5 + 79 	^ ^ﬀ . 0 F	?/ 0 0 .. 779 . GU0 ﬂ ﬀ ﬁ U>#
N
7		$79ﬃ  .10 
.1#	$&0ﬁ ?(79G01/.19ﬃ.1  =9^,^ﬀ . .1 00,.ﬀ(   ﬂP#
P
79^ ﬀ .1#	$
0ﬁ ?(79 01/.19 .1  =9^,^ﬀ .ﬂ)ﬁ1,.ﬀ(@#7
cycles
79^;ﬀﬃ.1#	$M0  ﬀ ﬁ1 ﬃ




ﬂ # 9$ . Mﬀ79,.10779
079?(79 7		$79ﬃ( .101/. e 0#_0  ﬀ ﬁ1,.ﬀ(,*  ,.  	^ﬀ	 0 #
(=9^,^ﬀ . .1U00,.ﬀ(   ﬂ 	$79ﬃ("^2G. 5#/ 9$	ﬀ7 79$ ?/ 	^#/,ﬀ9 7 
	
.1$ ,ﬀ-#X#0#0##0##0##F#0##0##0##0#F##0##0#0##0##F##0#0##0##0##F#  =:






@#,5  B .19^	^ﬀ . 0 #  )ﬁ1   .1U00-#P#F##0##0#0##0##F##0#0##0##0##F#  









@#,5  + $"^ﬀ . M9$ﬃG 52"$	$"7.	-( 0 # 9$	ﬀ7-# #0##F##0#0##0##0##F#  
@#,5 M(	^,'ﬁG 0ﬁ $ 7		#/^ﬀ . ##0##0#F##0##0#0##0##F##0#0##0##0##F#   
@#,5  	,19^	-/^ﬀ . 0  ,. 	  0@ﬂ ﬀ ﬁ U> (	_#
/,,  ?(-#  ?(79ﬂ	^ﬀ9-79




 # 12" 079G$ 19?0 (=9$  G. -/	$ 0
=< G9a : &?(79a01/.19 ﬀ# )ﬁ1   .1U00-#Â/  ?( 0ﬂ()ﬁ1&
.1 9$.19^#,,,  0 5  G   U5C<
σ




@# :=< 2 /,. .  
/,,  ?(    %$H%7 
	-/ﬀ9$ . 0 # 
/,,  ?( .
$	G 0	$!19	.1$ ,ﬀ 0 	  	$.7 	 . 9$7,.ﬀ(G0 <#  9-"7 .10
0ﬁ 	ﬀ&01/.19 ﬀ+2 ﬀ9^#ﬀ-#N/  ?(&.1 . 7		^( 7  .1 ! 	 ﬁ 5-# F ﬀ9 19
( 	-/.10 1 7,ﬀ 7		^( 7
!
># @#  #D#   	^ 	1% 7 
	-/ﬀ9- . 0 # 
/,, 
?( .	$ﬃﬀ G 0ﬃﬂ ﬀ ﬁ U> ﬀ GU0ﬃ9?/, ﬃ	9$	ﬀ7  	ﬀ  G #^5%
	_+  <%




 G !1,	$-% ( 	a5$#D#M/ GU0 .1	?/ 	2 ﬀ.1 	_ﬁ 0 F ﬀ9
19 #	(-% 7  C	- 	^ﬀ9$ #@0( 	- 01/^ﬀ . 0 # 	79- ^ﬀ . /.ﬀ( #/	$-#
ﬀM.1ﬃ	$?	ﬀ1 ﬀ   01/.19 ﬀ79a/,ﬀ79 79^ # C7 19 /#ﬀG.
GU0
ﬂ ﬀ ﬁ U> C	 ﬀ $ 19M0 =9$ 79^ 19 7	^5#+#0#0##0##F##0#0##0##0##F# 5C<5
@# :5 	 % B0M# 'ﬁ1 0 0 	$"7. 	-( 9	A# 
/,, _?( (	 .1 $ ,ﬀ 0
	  	$.7	 + =<%. !1,	$ J 	 :a12"!. 9$7,.ﬀ( 0e<# 
	_.+2Uﬀ9^#ﬀ-#)/!
'ﬁ1 0_0ﬁ $ ﬃ 7		#/^ﬀ . 0 ..1.1?(M, , 7 
	A# 0 % 	-^ﬀ .&
7 .	-/	$ 079M0 	$79 'ﬁ1 079_

#  
/,,  ?( 79^0( 	- 07-##F# 5C<=:
@# :=: 	 % a0G# 'ﬁ1 0 0ﬂ	$"7. 	-( 9ﬀ	 # 
/,,  ?(  	.1 $ ,ﬀ
0	  	$.7 	_+ =: =<=:%(. !1,	$ ( 	e: 52" .@9$7,.ﬀ( 0 5-# :
	 .?2Uﬀ9^#ﬀ-#
/!'ﬁ1U00ﬁ $ ﬃ 7		#/^ﬀ .&0 ..1.1 ?( , , 7ﬂ
	 # 0 % 	-^ﬀ .
 7 .	-/	$ 079M0&	$79'ﬁ1U079M

# 
/,,  ?( 79$ﬃ0( 	- 07-%
.7	$19  	# 'ﬁ1 0
	 	$"7.	-( 
	 7.	$  0-#Æ#0##0##0##F# 5C<=:
@# :  B 
	-/ﬀ9$ .  		_+ 5 5 :% .1$ ,ﬀ 	_	#(  &#19$	2 7 . GU0
.1	?/%E*
	!   $IH1% .ﬃGU0 ﬂ ﬀ ﬁ U>
!
E,'	 !	Yﬁ 	 # (	3ﬀ79  G79
7 .10,^ﬀ .1930"9$7,.ﬀ(
!




 #D#/  $ ,ﬀ 0ﬃ	  	$.7   G9-19^	-/,$  !1. 0ﬂ ﬀv2 ﬀ9
/,ﬀ9-	
  U$.19^ﬀ .$# #0##0##0##F#0##0##0##0#F##0##0#0##0##F##0#0##0##0##F# 5C<
:=: KMLON-P$QR$NSUT8VCWXVYSUZ\[/.U]-WX[CL,T8R^N_R0.a`8bdceVCfgR-.
@# :¼/aﬀ .ﬀ( 1	0 7 ﬁ 	$.7!	-<
!


















	^  -/E3#D#P#F##0##0#0##0##F##0#0##0##0#F##0# 5C<
@# :  	$!1ﬀ 0#	^,,#/.7 0   > ﬀ
!






* 0	$ ,$$#7 
	A*a $ ,ﬀ 0$	  	$.7
!
	-/,   ,.^,, $#D# #0# 5C< 
@# :  	$!1ﬀ 0!#	^,,#/.7 0	 + 5
!






* 0	$ ,$$#7 
	A*a $ ,ﬀ 0$	  	$.7
!
	-/,   ,.^,, $#D# #0# 5=5C<
@# :* 	$!1ﬀ 0!#	^,,#/.7 0	 + 5=: 
!






* 0	$ ,$$#7 
	A*a $ ,ﬀ 0$	  	$.7
!
	-/,   ,.^,, $#D# #0# 5=5C<
@# :
("	$ #
 9$9$ 	79$ ^ﬀ . 0 ﬁ  ﬂﬁ 0 	 +a5@%  ﬁ%$IH% 0ﬃ  > ﬀA%
 ﬁ	YX	#
_. 0ﬀ9$^,.ﬀ( 1 ﬀ79	-/ﬀ790 ( 	 01/.19 	 + 512=/ﬀ.M0ﬂ*
  0$" 779_52" ,ﬃC	
!
 ﬀ/. _/#
:=<=< #D#B/ 9ﬃ "	$ 0   >! ﬀ 79^
?	ﬀ  
	.1 #	($#
/.10 0 9$,,C/$ $	_0 5C<
µ
3# ##0##0#0##F# 5=5=5
@# :   	$!1ﬀ 0#	^,,#/.7  	 	 + 5=:  #19$	2  12" ﬁ  ﬂﬁ
!




	-/,   ,.^,, $#\* 5# 
µ
3#Û#0##F#0##0##0#0##F# 5=5=5
@# =<    $IH1%/9("	$ 
!
	-/,!.1 	5#0 	 +a5!7 
	R* 70 ﬁ  ﬂﬁ
!
	-/,	$ﬀ($#D#   	Yﬁ 	% 	$!1"0ﬃ#	^,,#/.7  	 	_+ 5 #19$	2 ?52"
ﬁ ﬃ $ﬁ
!
	-/,.1 	5#ﬃ. 7 
	-/ﬀ9$ .  G 0ﬀ
!
	-/, ( ,. ^,, $#Q* 5# 
µ
3# 5=5C:
@# 5    $IH% 9ﬃ "	$ G 0,ﬀ9G*B /ﬀ0 0790 .. 779 B ﬁ $ﬁ_
!
9$"^ﬀ . # @# # 7#
0   > ﬀ
!
	-/, ( ,. ^,, $# 7 
	  9ﬃ "	$e0ﬁ ﬃ $ﬁ
!
	-/, ﬀ,. #D# 








	-/,   ,.^,, $# ##F#0##0##0#0##F# 5=5
#,5 +_ % 	$.$9_   790 J 	 95# #0##0#0##F##0##0#0##0##F##0#0##0##0#F##0# 5=5 
# : ("	$79_0  







 79$ 19F/#ﬀ$1!7,ﬀF* 5=5-# 
µ
3%C	- 	^ﬀ9^^ 1 079R( 	$=9 J 	 95#F5=5 
#  ﬃ '	 ! ﬁ%$IH%ﬂ	 +   < 01/.19&ﬀ !1,	$ ( 	e:
!
7.	 $	 0 5=5-# 
µ
 # 12" # C	- 0 ﬁ ﬃ $ﬁ=# ﬃ 
	 !  	^ 	1% .1 $ ,ﬀ 0 	  	$.7
!
	_+=< #ﬃ01/.19ﬃﬀ  G !1,	$-#ﬀ/  #^ 	79$.$ .1  ﬀ9-9^ﬀ . 19 $. ﬃ
01  1e $ ,ﬀ 0!	  	$.7a12"$.1  9$9  	^ﬀ 79^ /179^5#.##0##0#F##0# 5C:=:
#   B( . ,.$.19^, 
!
.1	?/,ﬀ97  ?U #eﬀ ﬀ .ﬀ(@079 0 79 0
 ?( ﬁ ﬃ ﬂﬁ 0 	 +  < 01/.19 # #
/.10 ( 	
!
	-/, .1 	5#a 01/.19 ﬀ
7 .^,.    ﬁ
!
	-/, 	$ﬀ($# 9(	ﬃ =9779F* 7,ﬀ?0  $ ,ﬀG0ﬃ	  	$.7
01/.19 ﬀ !1,	$   ﬁ
!
	-/,ﬃ#ﬀ #D#  B . 7 
	$   ﬀ9$9^ﬀ . 01/.19a##
/.10
J 	 01/.19!ﬀ 7 . ^,.   	 . G"9^(=.
/:* #	,5%	 +  <79^ 19
$.10 . #
/.10 ( 	A# +e  G-%9^J . 7 
	$   ﬀ9$9^ﬀ . 0  #Y 
	
	- (	^*ﬃ7,ﬀ 0  $ ,ﬀ 0	  	$.7 01/.19ﬀ7 . ^,.    ﬁA% 	 +  <
79^ﬂ$.10(/ﬀG. _01/.19ﬀ$7 . ^,. 3#A##0#0##0##F##0#0##0##0#F##0# 5C:
#  	_+   < 01/.19ﬀ !1,	$ ( 	e:
!
($- 	J	^ #D%g01/.19ﬀ79 7 .^,.  0 ^7. $9
!
  ﬁ E*
	 ! ﬁ%$IH%  E*
	 !  	^X	3#D#@/79 ?(79M . ﬀ$ G$	-  	^
9^(=.
/Ł* #	,  !1. 07 
	$	Mﬀ790 % 	$.$79_ U$.19^ﬀ .19"#0#0##0##0#F##0# 5C:
#  	_+   < 01/.19Aﬀ !1,	$#( 	a5
!
ﬁ $- 	
	^ #D%A01/.19"ﬀ7 .^,.  0 ^7. 
!
	" E,'	 !  ﬁ%$IH3#D#/79"?(79" . "ﬀ G 	-  	^B9$(=.
/³*$#	,ﬃ !1.
0 7 
	$	Mﬀ790 % 	$.$79_ U$.19$ﬀ .195# #0##0#0##0##F##0#0##0##0#F##0# 5C:
:=: KMLON-P$QR$N!SUT8VCWXVYSUZ\[/.U]-WX[CL,T8R^NeR-. `	bdc V7fgR0.
#   	$ Y"^ﬀ . 9	 # ,(=.1M0\2 ﬀ97_00 % 	$.$9B  (79"0M0ﬀ9ﬀ1M^1G.
 
/ﬀ95#{/ 	$ Y"^ﬀ . 0ﬁ . 0ﬀ9ﬀ1 #/ 52" .1"ﬁ
$	 .,ﬀ 0 ..1 .1
?(&9  	^1
!
     #D# +e  G  	ﬃ. 0ﬀ9ﬀ1 #/G52" .1
ﬁ
$	 .1 . . ,ﬀ 7 .19^-/. $Gﬀ ﬀ .ﬀ( 0 0ﬀ9  1
!
  ﬂ    ﬂ! #D# 	3. !1. #
	$ Y"^ﬀ . 0ﬁ . 0ﬀ9ﬀ12  9 
!
^1G.ﬂ 
/ﬀ9#B9	ﬃ# ,(=.1 0P2Uﬀ97 .1
0 ..1
 9.1 ?( 9 	^1
!
  6=    #D# ##0##0##F#0##0##0##0# 5C:
#     $IH%0"C/#( 0G#  =9^,^ﬀ . 0 7. 	$ 079 ,, 19$79 	 0 % 	$.$9
.2C 0#	^,,#/.7e. F .^ﬀ . 0 0  ﬃ( 	-/.10 _0  ,, 19$-#  	^ 	1%
	79,-/ 0 G 0ﬀ 0ﬁ .1  ﬀ9$9$ﬀ . 9ﬀ	 F1 079 J 	 9(	!. 0ﬀ9ﬀ1
2  9@.   19$-/.3*  #19-	2 /^ﬀ . ﬀ	$!1 .d,. $.19^, v*  179^
!
	-/,
( ,. ^,, $#D%
P*  79^
!
	-/,ﬂﬀ,. #D#B/$G,,ﬀ	 G 0ﬀ 79^M#$. (	 .
,.107 0ﬁ 2= 9$G.&0 5-# : +0.05
−0.05
% .1 ﬁ




/ﬀ9- . 0 :#  +0.8
−2.5
0( 	79 .1Gﬀ B0ﬀ9$9D/.7
(	  ,.$.19^,  0"ﬃ8:#  +0.2 ! /((-% Â# ﬃ A#%+ 75% P#% ;/.^,.$%	Q#  /#
:=<=<%  ﬀ.7$#D# #0##0##F#0##0##0##0#F##0##0#0##0##F##0#0##0##0##F# 5C:
#   ﬁ 1 0 0ﬀ9ﬀ1 0	_+  <#Æ#0##0##0#F##0##0#0##0##F##0#0##0##0##F# 5C:
#,5C< ("	$ 0	 +   < G79ﬀ	 12"ﬁ  ﬂﬁ
!




( ,. ^,, $#D#_. e,.	$U0, .F$	 ,^ ,C/^ G9ﬃ "	$79B0 ﬁ ﬃ ﬂﬁ
">  ﬁ ﬁ  :  !1.  1Mﬀ  G0 7 . ^,.  7		$79ﬃ  .10P* 7 G79	ﬂ
	
A# ##F##0#0##0##0##F#0##0##0##0#F##0##0#0##0##F##0#0##0##0##F# 5C: 
#,5=5    $IH%  	M ﬁ C/ 7_9	 ﬀ9ﬃ "	$ 0 	 +  <
!
	-/, 7 . ^,.  # 	^ﬀ9




01/.193ﬀ2Uﬀ9^#ﬀ$#0<#  9$"7 .10
0ﬁ 	ﬀ 7 
	70*7,ﬀ 0ﬁ .1$ ,ﬀe9^-/.101	$0
!
	-/, ( ,. ^,, $#D#   	^X	%#
 Gﬂ)ﬁ1=9$ (	.1G#19$	2=/^ﬀ . .  ,. :=<=< 12". 9$7,.ﬀ(
!
01/.19 ﬀ
2 ﬀ9^#ﬀ$#B0?5-#,5 9$"7 .1079M0ﬁ 	ﬀ-###0##0#F##0##0#0##0##F##0#0##0##0##F# 5=<
#,5C:    %$H% 	$!1.1	?/,ﬀ9  (	 	 +  < .ﬃG 0B.1	?/
!
	-/, 7 .^,.  #
 . G 0Gﬂ ﬀ ﬁ U>
!
	-/,  ,.^,, $#F*	# 
µ




	 ﬁ 79^ 0( 	- 07a0ﬁ .  $	e: . G 0 .1	?/ 
	
	- (	^_ GU0 ﬂ ﬀ ﬁ U>%7$1 7 . !	G # 9ﬃ "	$=9ﬀ7ﬀ-# ##0##0##F# 5=<
#,5
!
 $IH #   .
	^ﬀ 0!X	?/^ﬀ .@0#/. $79 
	 7( #/^ﬀ .$#
!
	^X	3#   ﬃ
#/^ﬀ . .	^ 1 0$	$ ﬀ9$9-/.7 0#/. $79
!
>!/.
= _/#J:=<=<=< #D#+##F# 5=:
#,5  /79 0 % 	$.$79$F	ﬀ779  1,ﬀ79 79^ 9$ ﬀ9$ﬃ.1 
	^^ﬀ 0 ? 9$9$ ﬁÆ%
0 0.19^,  0 9	  7
Σ
0 -/,,ﬀ +X# ##F##0#0##0##0##F#0##0##0##0# 5
#,5 
$	 0 >Uﬃ	$  . F .^ﬀ .@0 #G0ﬀ9^-/.7A*  $ ,ﬀ-#³/ 0ﬀ9  1 79^
,.19^-#ﬀ (	  
pi/2
#/M0ﬀ9ﬀ 1 79$;9$-#ﬀQ*  <  ﬀ
!
	-/, ﬀ,. #  1,ﬀ79
 1e9$ ﬀ.  ﬀ79G2=/ﬀ	$9079 
	-	$795#@/  ,.7	^^,102 ﬀ.  	^,. 
/ﬀG.







#  	$.10 ﬀ79




	-/,   ,.^,, $# _<# 
!
,(=.1  ,. ﬃ 	-/,5#0#Â##F# 5
:=: KMLON-P$QR$NSUT8VCWXVYSUZ\[/.U]-WX[CL,T8R^N_R0.a`8bdceVCfgR-.
#,5    $IH1%;$ 19a0 970G. -/^ﬀ . .
F .^ﬀ . 0?#@0ﬀ9^-/.7,*  $ ,ﬀ

















	-/,   ,.^,, $#B e<# 
!
,(=.1_	-/, ﬃ   ,.^,, $# (	)ﬁ
1   ( 0
( 	-/,.$#  	Yﬁ 	%$ 19ﬃ. "779-9-/	$0* #X	?/^ﬀ . 0ﬁ . #	  . 0 #/. $
0ﬁ . 0ﬃ7G 0 ? 9$9$_$		$79^	$ 12"eﬀ79  G79R2=	^#/^ﬀ .19ﬃ0  .$e0_#
0.19^,  0 9ﬀ	 F7 1 	" 70ﬃG. 5#$/  ( 0 	_+  < 79^ 	$ 	79$.  

	ﬀ 	-/, 	$ﬀ(-#N#0#F##0##0##0#0##F##0##0#0##0##F##0#0##0##0#F##0# 5
#,5   
,  079( 	-/,.19M'ﬁ1	 179
!
	-/,ﬂ  ,.^,, $#__079 J 	 9
!
	-/, ﬀ,. #
^,,ﬀ9779 	Gﬀ GU0ﬀ 9^-/.101	$0
!
+ 	-/,.1@4Ê/_:=<=<5$#D# 	?ﬀ79( 	-/,.19
'ﬁ1	  1795% .1!Gﬃ..1a79^ /,$ 9	 # 0ﬀ9^	^#^ﬀ . . -/,,ﬀ 079( 	-/,.195# 5 








0 0ﬀ9ﬀ 12= 9 . X .^ﬀ . 0@# 0ﬀ9^-/.7v*  $ ,ﬀ .  ﬀA#R/ ﬃC .1
0ﬁ #	$A9  $.10  19   ®*ﬃ.)2 	$ . ﬃ ﬀ=#   	^X	%	 + 0 	 +  <7 .19^	,$




 ﬂﬁ1 $	^ 179"#¼#F##0##0##0#0##F##0##0#0##0##F##0#0##0##0#F##0# 5 15







5# (	eﬀ GU0ﬀ 9^-/.101	$0 01/.19e# #
/.10 J 	 * 5=5-# 
µ
 7 .2  
12"e#    0 ﬁ ﬃ $ﬁ
!




ﬀ,. #D#   	^ 	1%#  G  ﬁ1=9$$?/ﬀ9  	ﬀ$7 .^,.Ê* 5C<# 
µ
3#Z##F# 5  
# :=<    $IH% 	 + G 0,ﬀ9 7
!
	-/, .1 	5# 52"?# 9^		$ 
	-	7 
ﬀ( G.$ # ﬃC .1 0ﬁ #	$-#  B 
	-/ﬀ9$ . 12" ﬀ79 0 .. 779 
!
	-/,
	$ﬀ($#ﬃ> 8ﬁ@ﬁ  :
!






	-/,   ,.^,, $# . 7 
	-/ﬀ9$ . 12" ﬀ79G#19$	2=/^ﬀ .19
!
	-/,
ﬀ,. #D#Z##0#0##0##0#F##0##0##0#0##F##0##0#0##0##F##0#0##0##0#F##0# 5 
# :5    $IH%	 + GU0,ﬀ97
!
	-/,.1 	5#  	079 ( 	 9ﬀ .ﬀ97912" 	  = e<# @#
 B 
	-/ﬀ9$ . 52" ﬀ79_0 .. 779 ﬃ
!
	-/,	$ﬀ($#M>  ﬁ ﬁ  :
!
	-/, #ﬀ #
  	Yﬁ 	%!0ﬀ9^	^#^ﬀ . 9
/^#/ﬀ8* 5=5-# 
µ
 0 G 0ﬀ
!
	-/,   ,.^,, $# .
7 
	-/ﬀ9$ .@52" ﬀ79#19$	2=/^ﬀ .19
!
	-/,ﬂﬀ,. #D# #0##F##0#0##0##0#F##0# 5  
# :=:    $IH1% 7 
	-/ﬀ9$ . 079 9$"^ﬀ .19 C779 .	$&+ 	-/,.1&4¾/
!
:=<=<5$#
 ﬁ 	$9^	- $@ /#
!
:=<=<5$#  	 0 % 	$.$79 	$	^  79 0)J 	 95#'/79 
















#D#  ﬁ	YX	% 7 
	-/ﬀ9$ . 079 9("	$79 GU0,ﬀ979 . F .^ﬀ . 079
0 % 	$. $79_9$"^ﬀ .19MC7795###0#0##F##0##0#0##0##F##0#0##0##0#F##0# 5  
# :d B 





	-/,   ,.^,, $# 

 .G^ﬀ. 7 $_0ﬂ)ﬁ
 %(M0 7 . 'ﬁ1	 1
079#( 	 9. 190e $ ,ﬀ-#Â##0#0##F##0##0#0##0##F##0#0##0##0#F##0# 5 
# :  
,  079\( 	-/,.19M'ﬁ1	 179e0 9^,,C/$
!
	-/, ﬀ,. #D%J0C	#( .1
!
	-/,
( ,. ^,, $#  079J 	 9
!
	-/, 9-  ﬃ ( ,. ^,, $#$^,,ﬀ9779 (	 ﬀﬂGU0ﬀG

 .  0"7  ﬀ79( 	-/,.19M'ﬁ1	  179_0 9^,,C/$ C	#  .1-# #0##0##0#F##0# 5=<
:=: KMLON-P$QR$N!SUT8VCWXVYSUZ\[/.U]-WX[CL,T8R^NeR-. `	bdc V7fgR0.
# :    %$H% 7 
	-/ﬀ9- .?0ﬃ#	 + C/ 7M52"ﬃﬀG 0ﬀ
!
	-/,   ,.^,, $#
  ^ﬀ. 7 $ﬃ0 0"7#(C	#  .1 /9^,,C/$ 12""ﬀ"9ﬃ "	$ 
!
	-/,
ﬀ,. #D#   	Yﬁ 	%7 




( ,. ^,, $#12" ﬀ79#19$	2=/^ﬀ .19 ﬁ  ﬂﬁ
!
	-/, ﬀ,. #* 5=5-# 
µ
3# #0##0##0# 5=<




^ﬀ . # # @# : #.7 
	-/ﬀ9- .a12"Aﬀ  G GU0ﬀ 0 . #? 9$9- 0 0ﬀ9ﬀ1
79^  F ﬀ9 9ﬀ	^ﬀ	$
!
	-/,   ,.^,, $#D#L/ (ﬂﬁ ﬀ ,. -/,. 79$ ﬀ 	$ 	$U0,
12"eﬀ!GU0ﬀ 

#? 9$9- 79$ 19Q( 	-/.10!?/ﬀ9ﬃﬀ   $	0 5C<
µ

79^0 .1ﬀ2C 	$ﬀ2 -###0##0##0#F##0##0#0##0##F##0#0##0##0##F# 55
# :d B 
	-/ﬀ9$ . 0 GU0ﬀ 9^-/.101	$0
!
	-/, ﬀ,. # .  Y-/.  .1 7)ﬁ1
0( 	$=96( 	-/,.19
!
0 	$0	$M0 ,,,	^ 1$#A01/.19 ﬀ #/. 70#/.$#/ 	 +
.  79^ GU0"! 7! 1  	"ﬀ79M( 	-/.1079ﬃﬀ .ﬀ( 1	$9 0ﬁ  .1079
!
9 	^ﬀ	$79Q* 5C<=<
 	$ .195#D# 	 + G 0,ﬀ9 7ﬃ52". #/.ﬃ70#/.G0<# <=<5eﬁ

0 (19-9^	$
7 (=97 0T( 	-/,.19M0 5$ﬃ
!
	-/, ( ,. ^,, $#D# #0##0##F##0#0##0##0##F# 5=:







   $IH ﬀ%
!
: #Q*&5C:# : 
µ
     !  , ﬀ  
!
< #Q* 5 :# <
µ

 	Yﬁ 	 ﬀ&#@/   #7G.  0 # 	-/ﬀ 0	
2
  $?/ 	^#/,ﬀ9  . 	$ﬀ(-##F# 5
# :  + $"^ﬀ .a0 	
2
* 5 :# <
µ
 $	0 	_+  <_12" ﬁ ﬃ $ﬁ 	A5 ﬁ1	$
0ﬁ #19$	2 /^ﬀ .19"# 	 7		^(	30A #19$	ﬃ^ﬀ .G/G=9ﬃﬂﬁ 	^1-%/ﬀ"9("	$B0
	_+  <  02 ﬀ9  
	 
	 7(0_ 	 ﬁ 	 ³% .  9$ 	$ ﬀ0-%  .1	?/,ﬀ9 

	 	- (	^M7 .^,. 
!
ﬁ 	^^,. ﬃ 
    0!M/#%1. 	 
	-/^ﬀ . #D#T##0##F# 5
























0*+F/, 0 #,F/(-ﬀ -/,,ﬀ /. #/(
$a0.779e-Y$90/(/,.19^1ﬁﬃ1a0 ﬀ
2F/(-ﬀ ( ,.1=9^,  .
7 

-/ﬀ9$ . 3_4 $ ,ﬀ%	(9$ﬂ-ﬀe^
$0ﬀ ﬁﬃﬀﬁﬃ1 




/ﬀ 06 /(-ﬀ7? 9$9$/;0,$79$ ,ﬀ79 > >!
^4/ 9- ﬀ.?. $
779?0ﬀ . 0ﬀ98ﬁ51%A B^$

$ 
^^ﬀ .d79^9-(C7:G ,.19 3Uﬀ0.$ 





$ 0?0$^ﬀ .19 0(
$$790%198ﬁ5=<

79$. 0/U9-ﬀ_4 ,. $
ﬃ

















79  ,;79$ 
^(G
$0#/ 0ﬀ -$.(




79$.7  .1 . 0 0ﬀ98ﬁ51%3 B^$?'ﬁ 79$   
 ﬀ9 0,G^
$ .
3Uﬀ0.7_4   




















-ﬃ .  $
^.1# ,.(?/ G4 ,.,,.
/ﬀ9$ .%+e (190/.119

79$. $ .192. .13C+GU0 0ﬀ -19$




^ﬀ .19 . ,.*B
-
$ )Gﬃ.  ﬁ"& >
!
	 A/; ﬁ,, #,CﬀGU0?ﬂ ﬀ ﬁ U>!%! BGU0  
G
0ﬀ /^$,.10*
$ #a,( ,$ 0"




 # 0 %D
-^ﬀ .%J2E




$ ﬂ /,$ 3A7M,.19$












$ 3  97$#30ﬀ . 0ﬀ98ﬁ51_$












G.$9,.6?/.5O ﬃ3ﬀ. ='ﬁ19 ﬁ












$(? =,. 39 ﬁ 9O9^$G9ﬃﬀ9#3







 "Ca( ,.1=9^,TOa,.7 

^ﬀ9$ .  ,'ﬁ 'ﬁ1B9$-
























/.10  ﬁ1=9$ 0(
$ 0ﬀ9&0$^ﬀ . ﬀ9HG





 O + ﬀ9^
^(-^ﬀ .
!
	 + # _9)ﬁ -*Q^$9 /,ﬀ 9 $ ﬁ
3 779$9a$@'ﬁ1
 7G









$_(? 793'ﬁ1 -*QY$90/1'ﬁ1  .(O 3Uﬀ0.7 ;'ﬁ1

$79$.7 ;0ﬀ9U9G% > ﬁﬀ9#W ﬁ1+ /,ﬀ  9 $ 9'ﬁ1 'ﬁ
















-/,. $9  . 'ﬁ1, ,.(.  $
^.
/Z
- 0(19 /.10 ,.,,.
/^ﬀ .  'ﬁ1?0ﬀ9D% 

$79$. ﬃe.1 d-19$








	 A/( ﬁ,ﬀ$#!C'ﬁ1 9$ ﬃTC/,ﬀ70 ﬂ ﬀE\ U>^GU0%1> ﬁﬀ9#GU0 /,ﬀ  9$
$C ﬁ 'ﬁ1
0 %D
-^ﬀ . ,( ,ﬃ 'ﬁ1_$ﬀ7987 %U> ﬁ
/.
9B$ﬂ ﬀ0 ﬃ ,.*?
-














$.10 ? 9-9^(3 9^-
 'ﬁ
/ ﬃ 90/.^,!.1F/1 .(O&070*770R?
$ 'ﬁ1 	 +`GU0,,,. %
